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[Sol.

EXERCISE 1(C)

Let the equation of the plane containing the line x~y—-z-4=0=x+y+2z—4 and is parallel to the
line of intersection of the planes 2x+3y+z=1 and x+3y+2z=2 be x+Ay+Bz+C=0.
[A+B+C|
Compute the value of 1 [Ans. 1]
A plane containing the line of intersection of the given planes is
X—-y—-z—-4+Ax+y+2z-4)=0
ie. (A+Dx+A-Dy+Qr-1z-4(A+1)=0
vector normal to it
V=(A+Di+RA-Dj+QA-Dk .o (1)

Now the vector ,along the line of intersection of the planes
2x+3y+z-1=0 and x+3y+2z-2=0Iisgivenby

i

i=|2 = (6-3)i—(4-1)j+(6-3)k = 3(i—j+k)
1

W W e
N = )

As i is parallel to the plane (1)

Hence -V =0
A+D-A-D+RA-1=0

242A-1=0=> A=—

Hence the required plane is

X3 9 2-9

2 2
x—3y-4z-4=0

Hence |[A+B+C|=11

Given f2(x)+ gX(x) + h%(x) <9 and U(x) = 3 f(x) + 4 g (x) + 10 h(x). If maximum value of U(x) is

N
JN , then find 125 [Ans. 1]
Let V,=3i+4j+10k and V,=f(x)i+g(x)j+h(x)k
U= V,-V,=|V,||V,|cosd
<V, 11V, ]
= J9+16+100f +g2 +h% = W25 =155 ~
If (%~ x)*+(y, ~y, =2
()(2—x3)2+(y2—y3)2=b2
and (x, —x,)* + (y, —y,)? = ¢
2
X N
then A|x, y, 1| =(a+b+c)b+c—a)c+a—b)a+b-c). Find the value of A.
X3 y; 1

[Ans. 4]
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[Sol.

First 3 equations are suggestive that
(X} Y1) (X5 ¥,) and (X5, ¥5) and the vertices of a A BCA

X, y, 1
1 1 1 A(xs,

Now A= El x, v, 1| (X3.¥3)

X3 ¥y 1 . b
2
X y, 1
4A2=\x, y, 1 (.Y B a C(x2,¥2)

Xy Y, 1

4A% = 4s(s —a)(s —b)(s — ¢)
16A2 = 25(25 — 2a)(2s — 2b)(2s — 2¢) = RHS

2

1 X,y 1
and LHS= (16)(2] X, y, 1
X

y, 1
2
X N
= 41x, y, 1 =>A=4
X3 Y 1

Let 4 =-3i+ 3 +k, b=4i+ 2} +4k and ¢=2i+ 2} . If V, is the volume of parallelopiped whose three

coterminous edges are the vectors 3 + B,E +¢,¢8+a and V, is the volume of tetrahedron whose three

- V. +V,
coterminous edges are the vectors dxb,bx¢,c xa , then find the value of (—]72L) [Ans. 4]
B -3 1 1
Wehave [ibc|={4 2 4/ =36
2 20

- 1L =272
NowV,=2[ab3| =72  and V=g[abC] =216
Hence V, +V, =288

If \71' =§+j+f<; Vz =af+bj+cf< where a,b,ce {-2,— i, 0, 1, 2}, then the number of non zero

< . . V.
vectors V, which are perpendicular to l—é--, is . [Ans. 1]

V-V, —a+b+c=0
but a,bce {-2,-1,0,1,2}
now (i) ifa=1, b=-1,c=0, number =3! =6
(ii) ifa=2, b=-2,¢=0, number =3! =6
31

(i) ifa=1, b=1,c=—2, number = =3

. . 3
(iv)y ifa=-1,b=-1,c=2, number = 2, =3

Total =18
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- 2n _ -
Let two non-collinear vectors & and b inclined at an angle 3 be such that |a|=3 and |b|=4.

A point P moves so that at any time t the position vector OP (where O is the origin) is given as
OP =(e'+e) @ +(e'—e) b.Ifthe least distance of P from originis /2 Ja-b
where a, b € N then find the value of (a + b)/72. [Ans. 1]
We have (Q—_'p)2 =(e'+e?)? (@) + ('~ (B)2+ 2(et+et) (et -e™) (5-6)
R - T enE 2
[(5)2 HaP=9,(6f =/b[?=16 and -5=3 b lcos?nj

—2 1
= |OP| =9(et+ et + 16(e' —e )2 + 2(e*—e) - 3- 4~ [—5) =13 + 52— 14

d|—p 5 V5
o - 2 10a2t — 4= 2. ot 27
Now dt|OPl 0 = 26e? - 10e 0 > e 13050 =73
2 J5 J13 2
P =13 ——=|+5|—|-14 oP =24/65-14
!O min [w}l?)} (\/gj = | min
= |b$ _ =\/§\/\/65’—7=\/§\/\/§—b, so a=65,b=7
min

Hence (a+b)=72. ]

If &, b and & are unit vectors, then find the maximum value of

|23-3| +|2b-3¢| +|26-3af
| - .

[Ans. 1]

Let y= ‘25—36 |2 +!26—3él2+|26—35.|2

o

la+b+c¢

+ |2
ab+bc+c

=y=3(4+9)-12{a-b+b-e+&-a) As
=y=39- 12(5'6+6-e+e-a) (1) [:

3
:>ymax=39+(12)[5J =39+18=57

n 3
Now y will be maximum if value of Zé-b is minimum i.e. equalto — 5 ]

The plane denoted by Il :4x+7y+4z+81=0 is rotated through a right angle about its line of

intersection with the plane II, :5x +3y +10z =25, If the plane in its new position be denoted by IT, find

k
the distance of the plane from the origin is ,/x where k € N. Find 33 [Ans. 4]

Equation of the plane P is
4x+Ty+4z+81 + A(Sx+ 3y +10z~25)=0
BA+Hx+Br+ Ty + (10L +4)z+ (81 —=25X)=4x +Ty+4z+81=0

Now 4(5A+4)+T7BA+T)+(10A+4)4=0 I
(20 + 21 + 40)A =— (16 +49 + 16)
81L=-81 = A=—1 II,
equation of the plane 11, 5x+3y+10z-25=0

—-Xx+4y-62+106=0
4x+7y+4z+81=0
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[Sol.

11

[Sol.

(3X2) ' = = k=212

pz'\/l+16+36’:’

In a regular tetrahedron, the centres of the four faces are the vertices of a smaller tetrahedron. The ratio

.. m . .
of the volume of the smaller tetrahedron to that of the larger is 0 where m and » are relatively prime

e : m + n)
positive integers. Find the value of 1 [Ans. 2]
| 11 .-
—[abc =—-—Jabc
V,= 6[ cl ;v 627[a ]
Hence ~ = =M p_m_, sthic
ence v, 2775 or 27 ] Gy
m and n are relatively prime = k=1, (m+n)=28 o .
further hint for G,B € G,a%b
1|a b ¢ 1 1 .-
=_—|———|=——[abc c+a
s 61{3 3 3] 6 271" °* G ]

Let 3, b and ¢ be three non zero non coplanar vectors and p,  and T be three vectors defined as
p=a+b-28; G=3a-2b+¢ and F=3~4b+2¢
If the volume of the parallelopiped determined by 3, b and ¢ is V, and that of the parallelopiped

K
determined by p, g and 7 is V, then V, =KV, implies that — 1

5 is equal to [Ans. 1]

Given [5 b 6] =V,

1 -2

1
= -2 +1
[pqf] = 2

V2=(—5+20)V1=15V1 = K=15

66 ¢]=[1(-4+4)-16-D-2(-12+2)]V,

. . . . . 4x-25
Leta,,i=1,2,3,.... , n denote the integers in the domain of function f (x) = |10g 1 [ <_21 ]

2
2x—-a; Y+ z-a,
where a, <a, , V i € N.Ifthe line L: . 2, = . meets the Xy, yz and zx planes at A,
5
B and C respectively , and if volume of the tetrahedron OABD is V, where 'O' is origin and D is the

9
image of C in the x-axis, then find the value of 35 [Ans. 8]

For domain of f(x) we must have log, [4x —2215] >0
X —

4x - 25
< <1
x —-21




ié]
X€1374

o Integers in the domain are 2, 3 , ....., 6.
= a1=2,az=3,....,a5=6

x-1 y+2 z-4
= = =r (let)

L:

2 3 6 _n
At xy plane,put z=0 = 6r+4=0 = r=-3
1
AQr+1,3r-2,0) = [—5,—4,0}
-1
At yz plane, put x=0 = 2r+1=0 = r==
-7
B(0,3r-2,6r+4)= [Oa T’IJ
’ 2
At zx plane,put y=0 = 3r-2=0 = r=—3-
7 -7
CQ@r+1,0, 6r+4)= ( 5’0’ 8 =C 5,0,—8
7
C, _905_,_8
A 1. = . A(%l,—4,0) E )
Volume of the tetfahedron OABC'=V = —[a b ¢]
6 7
B(0, - 3 1)
1-1/3 -4 0
v=1| 0 ~72 1= ‘-ﬁ
6l7;3 o -8 9
Hence 90V =280
125 If the coordinates of the point where the line x—-2y+z-1=0 = x+2y-2z-5
intersects the plane x +y —2z =17 is (a, B, ¥), then find the value of (| |+ B|+|y]).
[Ans. 7]
[Sol. The required point is the point of intersection of the three planes.
x+ty—-2z=17 (1)
X—2y+z=1 2
X+2y—2z=5 (3)

~. From (3) - (1) = y=-2

From2 x(2)+(1) = 3x-3y=9 = x=1
So, from (1),z=-4

Hence the point is (1, — 2, — 4) =(a, B, Y)

Hence |o|HB|+[y|=[1]+|-2]+[-4| =7 Ans.]

13 Let A=i-2}+3k, B=2i+j-k, C=j+k

If the vector BxC can be expressed as a linear combination BxC = xA+yB+zC

(100x + 10y + 82)
101 :

where X, y, z are scalars, then find the value of [Ans. 1]

[Sol. Wehave BxC= xA+yB+zC (1)

o _ (Bx¢} B C-B-¢Y
ABcl [ABc




14

[Sol.

iy Dot with &, & g (BxC)-(CxA)

ot wit 1ves = S - =

y CxA 8 y [A B C]

BxC)-(AxB

and dot with A xR gives z= w
[A B ¢

1 -2 3
Now ABC| =2 1 -1=10+1)-2-2-3)=12
0 1 I

Wehave B2C2—(B-C)? =(6)(2)-(0)=12

_2_,

12

B-C B-A| [0 -3
_|CC CAl |2 1] o0-(6 1 g
Y 12 12 2 2™

»

B-A BB| |-3 6
_|C-A CB| |+1 0] 0-(6 -1
T2 T 12 12 2

Hence 100x+ 10y +8z=100+5-4=101

Let ABCD is any quadrilateral and P and Q are the midpoints of its diagonal.
If AR +BC +CD +DA - AC _BD' = XP_QQ , then find the value of A. [Ans. 4]

=2 =2 ——=2 —2 —2 ——2 —2
Wehave AB" +BC +CD +DA" —AC —BD =APQ

(b-af +E-6f +@-<f +G-df -@E-ap -(@-bf =alpaf

on simplifying gives

=32+b2+¢2—2a-b-2b-¢+2a-¢ A B(5)

[+e-bf (D

-~ a+4¢ - b
again P=az—c, Q=§;

! D(d) Origin C(T)

—  d+¢-b '
PQ= =
Q ) = 4(PQ)z = (a+c—b)z

from (1) and (2)
A=4
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[Sol.

16

Sol.

17

Sol

18

[Sol.

x-7 y-7 z-3
3 2 1

x-1 y+1 z+]
2 4 3

. If a line L. whose direction

Consider two lines L, : and L,:

AB
ratios are <2, 2, 1 > intersect the lines L, and L, at A and B, then find the distance PR [Ans. 2]

/(2, 2, 1)

- - _ B

3A-2u+6 _ 2h—4u+8 _ A-3u+4 O L, 3 1)
2 2 1

On solvingwe get p=0andA=2

Hence A(13, 11, 5); B(1,~1,-1)

AB= 144 +144+36 = 324 =18

System of equations x+2y+z=0, 2x+3y-z=0, (tan0)x+y—-32=0
has non trivial solution then number of values of 0 in [— x, 2x] is [Ans. 3]
1 2 1
Fornon-trivial | 2 3 -1 =0
tané 1 -3

= tano = 6/5
number of solutions in [~ =, 27] is 3 I

A/(BAT, 2047, A+3)

Let 3,b,¢ be the three vectors such that

3-(b+E)=b-(G+3) = ¢-(a+b)=0and |3|=1, |b]=4, |C| =8, then |a+b+C| is

[Ans. 9]
a-(b+8)= b-(€+3) = ¢-(@+b)=0
= G.b=b-z
=¢.a=0

|G+B+E| = |aP+bP+|cf+2(a@-b+b-¢+é-a)
= J1416+64+20 =9

ABCD is a tetrahedron with pv's of its angular points as A(-5, 22, 5); B(1, 2, 3); C(4, 3, 2) and
D(-1, 2, - 3). Ifthe area of the triangle AEF where the quadrilaterals ABDE and ABCF are parallelograms

S
is /S then find the value of P [Ans. 2]
- A(-522.5)
a+d A A A > E
pvofM=—2—=—3i+12j+k -
a+¢ 12 254+ 7=~
=——=——ji+—j+=k
llly pvofN 2 21 5 J )

Now the AAEF is as shown

C4.3,2)

i

1l
N =
N DD =
—_ D o>
KON R
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[Sol.

20

[Sol.

2i+0j+61

e N
= 110 7.22-1) ') (-2.23,4)

Let U be a vector on rectangular coordinate system with sloping angle 60°. Suppose that ~ﬁ —i| is

geometric mean of | | and l i-2i | where  is the unit vector along x-axis then | ii | has the value equal

(a+b)3+(a—b)3 )

to \fa —/b where a, b e N, find the value [Ams. 2]

14
Let  ii=xi+3%); |i] =2x, x>0
-~ 2 A2
now |ﬁ| ‘U—21| =|ﬁ-—i|
21x ] \J(x=2)? +3x% =[(x— 1)+ 3x7]
21x| Jax? —ax+4 =4 -2x+1
41x|Jx2 _x41 =4x2=2x+1 - - A
square 16x2(x%2 —x+ 1) =16x* +4x% + 1 — 16x> — 4x + 8x2
16x2=12x*+1-4x
4> +4x-1=0 ,
Lo —AEV16416 4242 122 -(1+42)
8 8 2 2

2x=42-1 or —=(42+1) - rejected

hence |ﬁ|=\/5*1=\/§_\/f = a=2; b=1
(a+byP+(a-byY=27+1 =28

Given three points on the xy plane on O(0, 0), A(1, 0) and B(-1, 0). Point P is moving on the plane
satisfying the condition (P_AP_'B) +3 (O_AO_B.) =(

If the maximum and minimum values of ‘ITA; ‘ } ITﬁi are M and m respectively then find the value of

M’ +m’ Ans. 2
- [Ans. 2]
Let P be (x, y)
PA =(1-x)i-y}; PB=(-1-%)i-yj
PA-PB|={x-Di+yj) - [(x+Di+y])=0E-1)+y?
PA-PB) = (x-ni+yi) (xenivyi)=62-D+y " Py

also 3 (ﬁ-(ﬁ) = 3i-(-{) =-3
hence (P_A'ﬁé) + 3(6_A.O_'B) =0
_ B A
xX2—1+y?2-3=0=0 -1,0) O (1,0) x
xX+y?=4 ..
which gives the locus of P i.e. P move on a circle with centre (0, 0) and radius 2.

—2 —2
now [PAl =(x-12+y% [PB = (x+ 1P +y?




and

PA

2 |—p2
’PB‘ =2 +y2-2x+ DEE+y?+2x+ 1)
= (5-2x)(5 +2%) [using x2+y?=4]

PA

2 —2
IPB’ =25 - 4x? subject to x> +y? =4

PA

2|—2
=

=25-16=9; (whenx =2 or—2)

min,

PA

3<

=25-0=25 (when x=0)

max.

Z‘P—B.r

P <

hence M=5 and m=3 = M2+m2=34
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EXERCISE 3

1. ABCis a triangle . AD , BE are cevians such that

13'L|~Zand l'CEl—}- . ‘_B_P_'
DC‘—l |EA|_3 . AD , BE meet at P. Find |PE"
Sof E_B+ZE 5. a+3¢
© T3 4
Eliminate ¢ we get
3d-b_4de-3
4 3
2a+9a 3b+8e .
2.9 239 (Dividing by 11)
2a+9a _3b+88 __
11 1 r
BP_8
PE 3

2. ABCD is a parallelogram . P, Q are the mid-points of
BC , CD respectively . Show that AP , AQ trisect BD .
Sol Let M be a point which divides BD in the ratio 1: 2
Now, we wil have to show that : M lies on AP

We how

_ 2o+d

3

b+ (B+5)
-3
diagonals risect each other in a 11th gm

b+d a+¢ _

2 = 2 a+c= b+ d
_b+a+t

3

a+ (B + E)
B 3
_a+2p (E +E) _
=3 B D
This shows that M lies on AP and divides AP in the ratio 2: 1
Let N be a point which divides BDinthe 2: 1 .
Now, we will how to show that N lies on AQ
we how
A 2b+2d _ b+d+d

3 3
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_5+E+a

R

_a+2g (e+d) _
= 3 2 _q

This shows N lies on AQ.

3. Ina O ABCD, AB || DC. P and Q are the mid-points
of AB and DC respectively .AC , BD meet at O.
Show that P, O, Q are collinear.

AP

k
Sol Let PC-1

AAPB ~ ADPC
AP _BP k
PC PD 1
We have
__a+ke _ b+kd
P07k 14k
By the principle of equal ratoos
a+kec+b+kd
2(1+k)

pP=

5+B+k(€+a)
T 2(1+k)

_2m+2n
~ 2(1+K)
. _m+kn
P =k
Hence p lies on MN and divides MN in the ratio k : 1

4. A,B,...,Farepoints on a circle. Consider pairs of
triangles which do not have a common vertex , e.g. A ACE and
A BDE ( There are ten pairs ). Take the centroid of one triangle,
and the orthocentre of the other , in every pair. Join them to
get twenty lines in all. Show that these are concurrent .

sol G P() H

B+€+?
3

Now - o(9) origin is the concurrent

g=

T - ian’s PACE ; ANDHERI/ DADAR / CHEMBUR / THANE ; Tel : 26245223 / 09 ; .www.iitianspace.com # 2



(P) expression is symmetric for 7,..,..,f
We can say all to 20 lines are concurrent at p A

5. ABCD is a tetrahedron. Prove that the principal medians
(four in all ) and the lateral medians ( three in all ) are concurrent .

Sol (E+E+a) A(s) B D
e »
~ la+3g 3
73
_a+b+c+d G
- 4

symmetric in 3,b,¢,d Ca

This shows that the four principle medians pass through (g)G.
(a+b)+ (c+d)
4
_2%p+2q
4

2
This shows that ()G lies on PQ

g=

/ Principal medians

Lateral medians

GA

3

6. O<oa,P,y<2n and a-r-B+y=n‘ProvethatEcosaZ—2.

Deduce that , in any A ABC , X cos A <

N w

Sol O<a,B,y<m
a+B+y=2n

3
cosa +cosP+cosy = -3

We have (e1 +e2 + es)

IIT - ian’s PACE ; ANDHERI/ DADAR / CHEMBUR / THANE ; Tel : 26245223 / 09 ; .www.iitianspace.com # 3



taking its self scalar product
(e1 +e2 +e3)-(e1 +e2 +e3) >0
3+2(ez -ezt+ez-e1t+er -ez) >0

3+2(cosa +cosB+cosy) =0

3
- cosa+cosP+cosy = 3

Hence proved

2n
Equality only when a=p=7v= 5

ST D cosA<

N w

Proof :put a=(n-A)

B=(n-B)

a y=(r-C)
a+P+y=2r and O<o,By<n

Hence,
cos(m—A)+ cos(n—f)+cos(n-C)>-3

(cosA +cosB+cosC) > —%

cosA +cosB +cosC s%

chelrycheff’s inequality

Let a,,a,,a,.....8,

be sequence of real nos having the same monotonocity i.e. if one of them is increasing so is
then other same for decreasing.

b, . < b
then 250> 20 2

C = only when all the a, are equal b,

or
If the montonicity are in opposite sense thendirection of inequality is rarrsed.

If A+B+C=n,then
ZcosA = 47tsin%+1

Let ABC be a triangle (A/R type)
A: acosA+bcosB+ccosC<S

A1
B: in—<—
nsmz 3

N w

we have, Y cosA<

1IT - ian’s PACE ; ANDHER] / DADAR / CHEMBUR / THANE ; Tel : 26245223 / 09 ; .www.iitianspace.com # 4



N

A
1+4nsin—<
715511’12

4nsin

A1l
<
2 2

N>

1
<=
8

T sin

Now,
Without loss of generality are an take 3 > b >c
it is cyclic expression
A>B=>C

o cosA <cosB <cosC

By cheby cheff’s inequalety we have

acosA +bcosB+ccosC _ a+b (cosA+cosB+cosC)
3 "3 3

. CosA+ co; B+cosC < _2_ is used for its proof and it is equivalent

. EvenAistrueand -,

to the statment R.
A & R true and R is correct explan of A

7. In a A ABC, the median CM L the angle bisector AL
(of £ BAC). If |CM| = |AL|, find cos A.
Sol Let A be the origin

Al =11 (ACP = APM)
Rt angle at P gives similarity and one side is common so Ralio of sides is 1

1
/AC|=lAM]= LA

. - 1
ie |c|=§lb|
_ BL_aB N
: LC AC (Apollonius priciple)
C A
- b+2
=73

[ Note : IE'Z = |5|2 +IE|2 -2ab ]
|aL|=[cM
|ALf" = |cM[*
¢-2=(m-<)-(m~c)

é(B +2¢)-(b+2¢)= %(B— 2¢)(b-2c)
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q«ﬁa‘

4(’6‘2 +afef + 46-6) - 9UB|2 +4fef —-4'6-6)
52b-c = 5|6 +20|cf’
= 5x4|bf +20|¢]’
52b-¢€ = 40|cf
52[b|-[¢]-cos A = 40|
52 x 2|t [¢|cos A = 40|c[*

40 20

’ A:—:
oS =5 52 52

8. ABC and PQR are triangles. The perpendiculars from A, B, C to QR, RP, PQ ,are concurrent .

Prove that the perpendicular from P, Q , Rto BC, CA, AB are also concurrent .

Sol Letthe | from Q to CA and from to AB meet at N.
(taking mas origin) cyclic expression

(6-¢)-(p-h)+(c-3)-(a-h)+(3-B)-(¥-h)
=[(6-7)-B+(c-3)-a+(a-b)-¥ T]- [(E—E)-ﬁ+(€~5)-ﬁ+(5—5)-ﬁ:| this is 0
[(6-<)-p+(c-3)-a+(a-b). ¥

~b(5-T)+c(G-P)+a(T -B) rach = 0

Hence proved (b-¢)-(p-h)=0 A

10. ABCD is a reqular tetrahedron . MN is the lateral median , as shown. M
Show that AB , MN and DC are mutually orthogonal .If an edge of the D
solid has length 1, find the shortest distance between AB and DC.

Sol  AB-=3i+2j+0k
PQ=Q-P
=0i+0j+2k
CD=D-C
= -2+ 2j+0k
AB-PQ=0
PQ-CD=0

AB-CD=-4+4=0
Hence proved

Note : The shortest distance between AB and CD is Iength PQ
- itis | both

IPQ|=2 (edgeis |AB|=2+2)

In a regular tetrahedron the smallest distence between the two skew edges = side
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o

12. ABCD is any quadrilateral. AC , BD meet at O. P, Q are the
orthocentres A OAB and A OCD, respectively. R,S are the centroids
of A OBC and A ODA, respectively . Show that PQ L RS.

Sol Let o be origin
PQ-RS=(q-p)-(3-7)

:[5+2+6 _E+§+6]_(§_?) :{5+B;E—E]_(§_Y)
9

5(6+H—5—B)-(§~?)

=é((€—5)+(5-6))(§—?)

:%[(E—E)-§+(a—6)-§—(E—5)-?—(H—B)-'r‘]
S is the orthocentre BSis | AC
(c-a)(s-b)=0
(c-a)-s=(c-a)-b
CSis L BD
(b-d)-(c-35)=0
~(b-d)-s=(b-d)-c
¥ all and the replacing in 1
=%((6—5)-§+(a—B)-?—(E—E)-Y—(H—B)-T)
2 2 2 \
(€-3)-b+(d-b)-c—(c-3)-d-(d-b)-a

13. A,,i=1, 2, ..., n, are arbitrary points on the surface
of a unit sphere . Prove that
PIDY |A,A).|ZSn2.
1<i<j<n

sol |AA[=Ef+E[ -2 7

=2-23,-5, ([a|=1)

The required expression
= 2(n2 —n)C2 —ZZZ(E.I -5j)
joi
=n2—(n+2225i-55)
=n’—(8,+3,+3,+3,+..8,+3,+2) > a,+a))

=n’-(3 +...+3,) (3 +..+3,)a & =1
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LHS <n?
Equality only when a, +...a, =0
This can happen for insland if the n points are ratices of a regular points.

14. A B,C inan equilateral triangle inscribed in a circle o, , and P, is any point of
AZB C, is an equilateral triangle inscribed in a circle o, concentrlc with o,
and P, is any point of o,. Show that
|P1A2|2 + |PB,|2 + |P,C,|%2 = |PA,|* + |PB, |2+ |P,C,|?
Sol ThelLH.S.

=B +[Bf - 25, -3, + . +[ou ~ 2By B +IBif + [l - 2Py €
=3R? +3R5 - 2p, (3, +b, + ;)

=3R? +3R;

¥ RHS= 3Rf +3R}

15. For any two vectors a and b , prove that
(1-a.b+|a+b+axb|2=(1+a®)(1+b?)

Sol LHS=1-2a-b5+(3-b) +[a +[o +[axF +2a-5+2a-(3xD)+2b(axb)
=1+ [af +[B[ +[af +[o"
= (1+[af )(1 ¥ |B|2) ~RHS
16. In any tetrahedron , show that the vector sum of the areas of the faces , taken along the outward

normals, is zero.
Sol  Vector area of

A(@)

1. face ABC is (aXb+bxc+cx )
2. face ACD is

(
3. face BDC is —( txb

—_ —_ = —_ C_
4 face ADBis %(5xd+dxb+bxé’) ©)

(Note : Each of the face to hav the area in the outword normal dicection we will be to it
for all of them that they are taken in anticlockwise scnse)
It is dear that the vector sum is zero.

17. ABCD is a convex quadrilateral. Join the corresponding trisection
points of pairs of opposite sides. Prove that the area of the central

1
quadrilateral , so formed , is 9 area ( [1 ABCD )

Sol M(r_n)=25+b 2d+c

N(®) =
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The position vector of the point dividing MN in the ratio 1 : 2is

o 2(25+6)+25+—C— 2[25+3}{25+E]
2m+n 3 3 3 3
3 3 - 3

_2X+y
!
This shows that p divides MN in the ratio in 1: 2

The position vector P(p)

_ 4a+2b+c+2d
P= 9
i
?=5+25+4E+23
9

RP=p T

F-t 1ax

& =—3 ~3°

m
SQ=1ﬁs'

3

RPxS_Qzé—Axﬁﬁ

1 11

§|RP SQ|=-9—><—'CA><DB’

1
Area of PQRS = 9 Area of ABCD.

18. PYTHAGORAS’ THEOREM IN 3-DIMENSIONS .
ABCD is a tetrahedron . All the face angles at A are 90°.
S, is the area of the face CAD. S, S;, and S, are similarly
c.\‘ defined. Prove that $,2 = S;2 + S2 + S ?

Sol  Area of face
ABD =S,
ABC =S,
ACD =S,
BCD =S
TPT:S$*=S+82+8S;

Consider the vector area §1,§2,§3,§ all along the outword normals

We have, S, +5,+S, =-S
This implies

(5:+5,+55)-(S5:+5,+5;) =(-5)-(-95)

IIT - ian’s PACE ; ANDHERI / DADAR / CHEMBUR / THANE ; Tel : 26245223 / 09 ; .www.iitianspace.com # 9



S24+82+82+25,-5,+25,-5,+25,-5, =8
{ d 2
0 0 0

S?4+G2+82 =7

22. a, b are unit vectors . A vector ¢ is such that ¢ + (cxa)=b.Showthat [axb.c|<

N -t

When does equality hold ?
Sol  [exa-b] =(-¢f
[ x3[" + L —2[cab] = ¢”
=  cfa’sin?0+1-c? = 2[cab] —c* (1-sin’ 8) + 1= 2[cab]
2[cab] =1-c’cos’0 <L
[cab] < —;—
Equality holds when 6 =900

&
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