Complex Numbers

Exercise — 3

Q.1
X+1=2i = (x+1)" =4 Or x* +4x° +6x +4x+9=12.
Q.2

1+i
a=-—— =a’=i hence a® +a*+a%+1=i®+i* +i2+1=0.

J2
Q.3

Let Z, =a+i&Z, =b+i, then (1+a2)(1+b2)=|z A Z, |7
= (1+2%)(1+b%)=(2,21)(2,2Z2) = (2,22 )(2, zl)
:>(1+a2)(1+b2) (ab+1+(b-a)i)(ab+1-(b-a)i)

Or (1+a2)(1+b2) (ab+1) +(b- a)2

Q.4

Let </7—24i =a+bi, then 7—24i =a% —b? + 2abi
=a’-b’=7 & 2ab=-24

Now (a2+b2)2 :(az—b2)2+4a2b2 =a’+h’=

From a®+b?=25& a®-b*=7, we get a° =16 & b? =9.

Asab <0, hencea=4&b=-30ra=-4&b=3.
Required square roots are 4—3i & —4+3i.

Q5

le3i:>arg(Zl)=g &Z,=-1-i=arg(Z,)=—>.

Now arg(

Z 5
Z—lj =arg(z,)—arg(Z,)= Tn

2

Now 5% is an angle in third quadrant, hence principal argument will be —3—n.



Q.6

Let Z=x+Yi, then Z*+|Z|=0=> x> —y® +4/x* +y? +2ixy =0, hence xy =0 & x* —y® +4/x* +y* =0.
y=0=|x|=-x?, which is not possible as x € R and x =0 has already been considered.
x=0=|y|=y*=>y=-11lor0.

Required solution set is Z=0,—i,i.

Q.7
Let Z=x+Yi, then Z2+Z=0= x> —y® +x+(2xy-y)i=0
Hence 2xy -y =0 & x?—y? +x =0.

y=0= x*+x =0, which gives x =0,-1

x=1= y? =3 which gives y———3 ¥3
2 4’ 22
Required solution set is Z:O,—l,l_\/§I ,1+;/§'.

Q.8

—\2
Let Z=x+yi, then Z? :(iZ) = X2 —y? +2xyi = y* —x? + 2xyi

Hence x> —y?=0=Xx=y or Xx=-Y.
Hence Z=x+xi or X —Xi.

Q.9
Let Z=x+yi, then |Z+1 = Z+2+2i = |(x+1)" +y? =(x+2) +(y +2)i

Hence \/(x+1)° +y? = (x+2) & y+2=0.

y =-2 gives (x+2)2—(x+1)2:4:>x:%.

Required solution is Z:%—Zi.

Q.10

Let Z=X+Vi, then iZ =272 = y+xi =x%—y? + 2xyi, hence x> —y? =y & 2xy = X.
2xy=X=x=0o0r y:%. Now y:%givesx:ig&x:o gives y? =-yie y=-1.

1+3

Required solutions are Z = —i, >



Q.11
Let Z =X +yi, then 2|Z|2 +27%-5+/3i = 3x% + y? + 2xyi =5 /3i
Hence 3x% +y? =5 & 2xy = —/3.

2

Now (3x2 —y2) (3x2 +y2)2 —12x%y* = 3x?-y* =4 or 4.

3x?+y? =5 & 3x* —y® =4 gives X2=§&y2=%:>2=i

3x% +y® =5 & 3x* —y? = -4 gives x° =%&y2 :§:>Z:i( G ](as xy <0).

Q.12
(i) Let A(—6,0)&B(0,-4) be two points on argand plane & P(Z) be a moving a point.
Now |Z+6| = PA & |Z+4i|=PB.

Z+6| 5 PA 5 : ,
-|=—=——=—, hence P will trace a circle.
Z+4i 3

3 PB

(i) Let A(-2,0)&B(—4,0) be two points on argand plane & P(Z) be a moving a point.
Now |Z+2| = PA &|Z+4|=PB.

‘Z+2
Z+4

=1= PA =PB, hence P will trace a straight line.

Q.13
Let Z =X +yi, then Z+c|Z+1|+i:O:>x+iy+c1/(x+1)2+y2 +i=0

Hence cy/(x +1)* +y? =—x & y=-1. Now y =1 gives c?(x +1)* =x? —c?

24 o2 _ o8
or(cz—l)x2+202x+202:0:>x: ¢ _22C1 € Where1<c<+/2. For c=1, we get x =—1.
C —
24 o2 _ ot
Hence Z = ¢ _2201 ¢ —iforl<c<+2 & Z=-1-ifor c=1.
C —
Q.14
Let Z=xX+Vi, then Z2 =Z = x? —y? + 2xyi = x —iy. Hence x? —y? =x & 2xy =-V.
Now y =0 gives x:O&l&x:—%givesy:ig
1+ i
Hence 70, 1, V3T

2



Q.15

(32—6—3ij T (Z—Z—ij T
arg| ———— [=—=arg| 0——— |=—
2Z-8-61) 4 Z-4-3i) 4
Now let A(2,1) & B(4,3) be two fixed point & P(Z), then

Z—-4-3i
As AB subtends a constant acute angle at P, hence locus of P will be
major arc of a circle passing through A & B.

Q.16
|Z+6|:|22+3|:>(x+6)2+y2 = (2x+3)° +4y? or x2+y? =9.

arg (ﬁj =angle between PA & PB.

Q.17

Let Z=cosa +isina, then ZZ+Z:c052a+cosa+i(sin 2a.—sino.)

Oorz?+7= 20053—&(cosg+ising
2 2 2

Now arg(Z2 +Z) === %arg(z).

N R

Q.18

n

(i) [J(a, +ib,) =x+iy 3f[|ar+ib,|2:x2+y2 or ﬁ(ar2+b,2)=x2+y2.
r=1 r=1

r=1

(ii) arg {ﬁ(ar + ibr)} =Y arg(a, +ib, )= ran“tan-l [b—j ~tan™ (Xj

r= r=1 r X
Q.19
Z,|=1= 7, = 2. Also z1=[
Zr
Now |Z, +Z, +..+ Z,|= RS % I el |
Zl ZZ Zn Zl ZZ Zn

Q.20
iZ2°+2°-Z+i=0=(iZ+1)(Z2 +i)=0
Hence Z =i, +v-i =|Z|=1.



Q.21
Let affixes of the points P,Q&O on argand plane be Z,,Z, &0.

Now |Z, + Z,|* =|Z,[ +|Z,[* +2cos6, where 6 = /POQ = arg (@j _arg [ﬁ]
0Q Z,

Clearly if [Z, + Z,[* =|Z,[* +]Z,|*, then e=g.

Q.22
2+ 2, =|2,+ Z,|[Zs+ Z2| =|Z,[ +|2,[ + 2,22+ 217, &

2-2,[ =|2,-Z,|[zs- Zo| = |2, +|2,[ - 2.2. - 2.2,

= |2, +2,[ +|Z,-Z,[ =2|z.[ +2|Z,[.

Q.23

By |2, - Z,* =|Z. +|2," - 2.2. - 217,,

1-Z2iz,[ =1+[2:2,] ~2,2.-Z:Z, o i-Z:z,| =1+|2.f|2,] 2.2, - Z:2,
Now [1-Z:Z,| -2, -2, =1+[z,' |2, (2] -z,

=[-27,[ -z, -7 =(1-1 )(1-|z.f )

Q.24

iZ+3-5i|=|Z—-5-3i|, Now using |Z, + Z,| <|Z,|+|Z,| we get
|2-5-3i|<|Z—1+|4+3i|=|Z-5-3i[<8.

Q.25
(1+0)Z° +iZ| <|2°+[i2°|+ iz| = |(1+1) Z° +iZ| < 2|2 +|2
Now |Z| <%:>‘(1+i)23 +iZ] <%

Q.26

22 +aZ+P=0..(1)=Z +aZ+p=0.
As Z is real, Z=Z, hence Z* +aZ+B =0...(ii)



Applying the condition of common root on (i)&(ii) gives
_ 2 _
(5-o)(aB-p)= (p-7) or P=1) +<B‘§))+Bo.

(a—&)z (oc—oc

Q.27

3.2

2
22+aZ+b:o:»(Z+3j _2 p
2) "4

2
. a
Clearly if I_b >0, then Z must be real, hence for nonreal complex roots a’ < 4b.

Q.28

By properties of modulus, = |Z]+ |Z|—é <2.

Z+= ‘ |Z|+

- \
7

i|22 &

|z

Now first inequality is by itself true as |Z|+| Z >2 “Z|Xé by AM.>G.M.

7

12|

i‘sz :>—2s|z|—isz
1z 1z

()|z|—ﬂs2:>|z|2—2|z|—1300r Z|<1++2.
7 |_ 2=z +2|Z-1200r [Z]>V2 -1.
Hence +/2-1<|Z|<1++2.

Q.29

Im-Axis

(ii) |Z]-

10

8




Q.30

x2—2x+1:—3:>(x—1)2 —J3ior x=1++/3i.

in
Hence x =2, which implies Z," =2" (cosn?nﬂsin n—;j &2z, =2" (cosm—isin n_nj
Now Z," +Z," =2" (2 cosn—;}
Q.31

Let A & B be the points (-1,0)&(1,0) & P(Z) be a moving point, then
Z+1] +|Z+1° =22 = PA? + PB? = AB.
Hence P lies on the circle having AB as diameter.

Q.32

3 3
Let Z, =cos6, +isin0,, then > cos6, =0=>sin0, = Z +Z,+Z; =0,
k=1 ko1

(i) Z,+Z,+2,=0= 22+ 2,2+ 2 =(Z,+ Z,+ Z,)* = 2(Z,Z, + Z,Z5 + 2,2,

1 1 1
Now Z,72,+ 2,2, + 2,2, =2,7,Z, [Z_1+Z_2+Z_3j

n 22, + 2,25+ 232y = 212,24 (Z1+ Z2 + Z3) =0 as |Z, | =1 and hence Zi = 1
k
3
=Z’+2,°+Z; =00r ) (cos26, +isin20,)=0.
k=1
Hence cos 26, + cos 26, +c0s 20, =0 =sin 26, +sin 20, +sin 20,
(i) Z,+Z2,+2,=0=>2°+2,°+2,° =32,2,Z,.
3

2. Y (c0s36, +isin30, ) =3c0s (6, +6,+0;)+3isin (6, +6,+65)
k=1

Hence c0s36, +¢0s36, +c0s 36, = 3cos(6, +6, +6,)

Q.33

Letl+l 1 1 2 1 1 1 1

+ + =—,then =—+=——+=——+=——=
Z+a Z+b Z+c Z+d Z Z+a Z+b Z+c Z+d

Clearly if o is a root, then o i.e. ®® must also be a root as a,b,c,d e R.
1 1 1 1 2
+ + +

o =— (i
a+o’ b+’ c+w’ d+o’ o ()

2
z




Now (Z+b)(Z+c)(Z+d)Z+(Z+a)(Z+c)(Z+d)Z+(Z+a)(Z+b)(Z+d)Z
+(Z+a)(Z+b)(Z+c)Z=2(Z+a)(Z+b)(Z+c)(Z+d)
or 2Z*+(a+b+c+d)Z®—(abc+bcd +cda +dab) Z—2abed =0

Let the roots be o, w?,a &P, then
0.0’ +0’a+op+oa+op+o’f=0=1+af-o—p=0.
Hence 1 must also be a root (let p=1).
1 1 1 1

+ + +

a+l b+1 c+1 d+1
Further o.0%.a.p = —abcd = a = —abcd
&(D+O)2+(X+B:—w:>(l:—w

2 2

s.a+b+c+d=2abed ...(iii)

=2 ..(iv)

B abc + bed +cda +dab

Lastly o.0?.0+o?.op+op.o+poo’ = >

Q.34

(i)

(1+x)" =a, +a;x+a,x* +a,x* +... +a,x", then by substituting i & —i,
(1+i)" =ag+aji—a, —ai+a, +asi—ag—as;i+...

(1-i)" =a,—a,i—a, +ai+a, —agi—ag+as;i+ ...

Adding the two gives 2(a, —a, +a, —as+... )=(1+i)" +(1-i)".

Now 1+i:\/§(cos%+isin§j:>(1+i)”+(1—i)n :2(\/§)n cosnT:.
Hence a, —a, +a, —as +...=2"2cos '~
(i)
(1+
(1
(

1-i

X)" =ay+ax+a,x> +ax>+ ... +a,x", then by substituting i & —i,

n

+

n
) =a

— abc+bcd+cda+dab=2 (||)



Subtracting the two gives 2i(a, —a;+as—a, +...)=(1+i)" +(1-i)".

Now 1+i :\/E(cosgﬂsingj:(lﬂ)” -(1-i)" 2(\/5)” isinnf.

. nm
Hence a, —a; +as —a, +...=2"sin—.

(iii)
Now (8, —8, +8, —8 +... )’ +(a —a; +a5 -2, +...)

(iv)

(1+x)" =a, +a;x+a,x* +a,x> + ... +a,x", then by substituting 1, o & o?,

Z_on

n
2" =aj+a,+a, +ag+ ...
(1+ )" =ay+a,0+a8,0° +a;+8,0+a;0° +ag + . ..
2\" 2 2
(1+oa) =3, +a,0" +a,0+a; +a,0" +a;o+ag+...
- - M n 2 n n
Adding the three relations gives 3(a, +a;+a5+...)=2" +(-0’) +(-v)

NOW — = cos~—isin = :>(—w2)n +(-w)" = 2c0s 1F.
3 3 3

2“+2cosnj
3

Hence aj +a;+ag+...= 3

Q.35

Required area is area of shaded sector as shown in the figure.

Area of sector of angle % of circle of radius 4 will be %ﬂ

: —— Area of sector of angle % of circle of radius 1 will be %

) 4t 7w . b=n
Hence required area = — —— i.e. —.
3 12 4




Q.36

2,-2,[ =12, +|Z,[ - (2,22 + 2,Z)

or|Z,-Z,|" =|z.* +|Z,|° - 2|Z,||Z,|cos 6, where 6 =arg(Z,)-arg(Z,)
=2, 7, =|z[ +|z,|" - 2|Z)||Z,|+2|2,||Z, (1~ cos 6)

= [2,- 2, =(|24] -12,|) + 4[2,]Z,|sin? g

2
Now |sin 6] < [6| = sin? g < % hence

2,-2,f S(|Zl|_|zz|)2 +67 or |2,-2,[ < (|Zl|_|zz|)2 +(arg(Zl)—arg(Zz))2.
Q.37

7' +42°+11=0= |27 +42°|=11.

But 2] - 4[2|<[27 +42°|<|2f +4[2f or |2 +4[z] 211& |2 - 4[2f|<11.
Now if |Z| <1, then |Z|7 +4|Z|3 <5, hence for all Z, |Z|>1

& if |Z|> 2, then ‘|Z|7 - 4|Z|3‘§11 is invalid, hence for all Z, |Z|<2.

All 7 roots of given equation lie in 1<|Z|<2.

Q.38

Let Z, =cosA+isinA,Z, =cosB+isinB & Z, =cosC+isinC, then

33 3 33

3 . .
ZCOSA:_E & ZsmA=T:>Zl+ZZ+Z3 =St
NOW |Z, + Z, + Z,| <|Z,|+|Z,|+|Zs| = |2, + Z, + Z;| <3.

But|Z,+Z,+Z,|= %+27f7 =3.

Hence A:B:C:Z—:;E oo tan A+tan B+tanC:—3J§.

Q.39
z° —1:(Z—1)(Z4 +2% 4+ 277 +Z+1), where oy, o, o5, o, are the roots of

Z*+Z7°+Z%+Z+1=0. Now by factor theorem
(Z-0)(Z-0y)(Z-0y)(Z-0y)=Z"+Z°+Z* + Z+1



Substituting Z = o gives

(oa—al)(oa—ocl)(oa—ocl)(oa—ocl) =o'+’ +o’ +o+l=—o
similarly Substituting Z = »® gives

(032 —al)(m2 —ocl)((oz —al)((oz —ocl) =0’ +o’+o'+o’ +1=—o.

(0—ay)(0—0y)(0—0y)(0—0y)

EEN N TR

Hence

Q.40

Let o be a real root of (1+2i)a’®—2(3+i)a” +(5—4i)a+2a° =

Taking conjugate gives (1-2i)o®—2(3—i)a’ +(5+4i)a+2a° =0 ...(ii

Adding (i) &((ii) gives o’ —6a.” +5a.+2a® =0 ...(iii)
Subtracting (ii) from (i) gives 2a°® — 20 —4a. =0 ...(iv)

Or 20(0® —0.—2) =0 gives & =0,-1.2

For these values of a, from (iii) we get a=0,+6 & ++/3,

Q.41

2 2 2, 12
Z|+|Z, )=+ =5 =2+ 2, + =2 2+ 2
Wz iz 2”2l
: 2, [z
Z|+|Z, —2 Z,+Z Z
R P R
NOWH +% =|Z,+2,|, hence
()| B2z 2
2l
Q.42

[2-Y=[z-|Z|+|z]-1=[z-Y<|Z-Y+|z-[Z|

=|2-3=|z]-4+|Z]

|E_1

Z




Now let E=cose+isin 0, then E—1:cos(9—1+isin6) or E—1=25ing(—sing+icosgj.

17 1 17
Hence E—1 = Zsing.
1 2
Now for [sin 6] < 0] = 25ing <|0], therefore|Z -1/ < Z|-1|+|Z||6| or |2-1 <||Z|-1+|Z]||arg (Z)-

Q.43

CL-D

— g4(0,-4)

The line (2+i)Z+(2-i)Z=0&iZ-iZ=4,

in X —y coordinates are

(2+i)(x+iy)+(2-i)(x—iy)=0 & i(x+iy)—i(x—iy) =4
ie. 2x-y=0& y=-2.

Point of intersection : (-1,-2)

Also the first line passes through (0,0) &

image of (0,0)in y=-2is (0,-4).

Hence refleted line will be the line joining (0,—4)&(-1,-2)ie. y+2x+4=0

Z+7Z Z-Z Z-7 _7Z+7Z

Now put x = &Yy=——-10 get +2 +4=0
P y 2i J 2i 2
or (2—-i)Z+(2+i)Z=8.
Q.44
Equation of AB, Z-a_b-a & that of CD, ﬁzg
Z-a b-a Z-c d-c



Q.45
‘Z+3—\/§i‘ =3 represents the circle

having center at(—3, \/5)& radius = /3. 1

Let P(Z) be any point on this circle,
then least arg(z) =6, where tan6 is slope
of that tangent from the origin to this circle , z
which makes smallest angle with A

positive direction of real axis. N '

OA =23 & AB =43, hence9=a=g S

& hence least arg(Z) :E+% or 2?11

2in
Also |Z| =length of tangent to this circle from origin i.e. ‘3—\/§i‘—\/§ or 3. Hence Z=3e 3

Q.46

sinwzsin[n—M] &S n7—n:1
14 14 14

2r-1 o (2r-1
gives Hsm( )” —sin? Esin? 3in2 2T o Hsmwzcoszﬁcos 2% 052 3T
2 14 14> 14 14 L 14 77 7



85|n COoS — cos 27Tcos47T
2r-1 B et
Now [Tsin &M% | 777 "7 77
r=1 14 85inE
7
sin 8n 2
I 2r—1 B
:Hsin( L 7|1
T 14 gsin * 64
Alternately
T 27

Let Z=cosO+isino, for 0=—, —&— then Z’ =1.
7 7 7
Or (2-1)(2°+2°+Z'+Z° +Z* +Z+1)=0.

Now roots of Z6+Z5+Z* +Z%+Z2+Z+1=0are Z=e" for 0=~ Z—EEG—RS—nlon

Dividing by Z* gives Z® +% +27° +Zi+Z+ ;+1 0, roots of which are 6=

\l|?—l
~|

Now 2c0s30+2¢0s20+2cos0+1=0 or 8cos®0+4cos®>0—4cos0—1=0.

Hence cos? = cos? Ecosz ar_ i.
7 7 7 64

Q.47

Let Z=cosO+isin6, then > cos(r6)= Re(ZZ’)

r=0 r=0

n n

,
n zozr+zoz n Zn+1_1 Zn+1_1
Or » cos(ro)=P=——"=__ =2 > cos(r0)= — )
2,005(r0) === =2 ) cos(r0) == — =+ =

n n, 7" n+1__“+1_ >
SZZCOS(FG):Z +7 -7 Z_ Z—7+2
pr 2-72-7

n - —
:Zcos(re)zcosne cos(n+1)0 cose+1l
r=0 2—2c0s0



0 (2n+1)6

n sin——sin
= > cos(ro)= 2 5 2
r=0 2sin—
2
Q.48

3 3
Let Z, =cos6, +isin®,, then D cos6, =0=">sin6, = Z,+Z,+Z, =0.
k=1 k=1

Now Z, +Z,+Z,=0=2>+2,*+2.>=32,2,Z,.
3
o > (c0s30, +isin30, ) =3cos (0, +0, +05)+3isin (6, +6, +6,)
k=1
Hence cos36, +¢0s 36, + 0530, = 3cos (6, +6, +6;)

& sin36, +5sin 36, +sin 36, =3sin (6, +6, + 6, ), where 6, =, 0, =B,6, =.

Q.49
Q(z,) 1
As Z/PQR = /PRQ =E(n—a), hence PQ = PR
ie.|Z,-7Z|=|Z,-2,.
N Z,-7, .
Now by Coni's theorem =Ccosa +isina.
p(z)“ R(Z:) 3= 4
z,-7 z,-2.Y (z,-2
Or =2 ZL_cosa=isina = | =2—"L| —2| =21 \cosa +cos’ o =—sin a.
Z3_Zl Z3_Zl Z3_Zl

=(2,-2)-2(2,-2,)(Zs-2,)cosa. =(Zy— 2, = (Z5-Z,)* =4(Zy— Z,)(Z, - Z, )sin> =.
Q.50

PA =2PB = |Z~6i| =2|Z -3 or (Z-6i)(Z+6i)=4(Z2-3)(Z-3)
=Z2Z=(4+2i)Z+(4-2)Z ..(i)

Now Let Z=x+1y, then (|) gives x* +y? —8x —4y =0, which represents a circle.

Q.51

122 |z~ 2, =(1-2,2:)(1- 22,)~(2,-2,) (2~ Z2).



=1+[Z[ |2, -2 - |z,

- (112, )(1-1z.f)

Q.52
—a_d+—§_9:0&b_d+t3_g:0:>c_d+§_9:0.
b-c b-c c—-a c-a a-b a-b
Q.53

As given o is n™ root of unity for k=0,1,2,...,n—1, hence
(Z2-1)(Z-a)(z-0?)...(2-0"")=2"-1
OrIn(Z-1)+In(Z-a)+In(Z-a’)+ ... +In(Z-a"*)=In(Z"-1).

Differentiating w.r.to Z gives

1 1 1 1 nz"t

+ + S+t =

Z-1 Z-a Z-a Z—a Z -1
Hence 1 + 1 1 + r _ 0=2z2"1=0.

+ .
Z-1 Z-o Z-0? Z-ao"t

Q.54

Let Z, =cosa+isina,Z, =cosB+isinf & Z, =cosy+isiny, then
Z,+2,2,+2,2,Z, =0.

Or 2,(1+2,+2,Z;)=0=>1+2,+Z,Z, =0.

= cosp+cos(B+y)=—1=sinp+sin(B+y)

Square and add to get

2cosBcos(B+y)+2sinpsin(B+y)=—1or cosy :—%.

Hence [3:1/:2—:;c and tan%=\/§&tany:—\/§.

Q.55

Let P =sin1°sin2°sin3° ...sin89°

sin(90-0) =cos® = P :(sinlosin 2° .. .sin 44°)sin 45° (cos44° ...cos2° cosl")

Also P = (sin1° sin3°sin5°...sin 890)(sin 2°sin4°sin6°...sin 900)



Or 244P:i(sin 2°sin4°sin6° . .. sin88°).

Ng

Hence P :(sin1°sin 3°sin5°...sin 890)244\/§P or sin1°sin3°sin5°...sin89° =

244\/5'

Alternately

. 1/90 (2k+1)75i 44 (2k+1)7[i
~1=e"=(-1)" =e ® Vk=012..,89=Z"+1=]]|Z-e @
k=0

45 (ke (179-2K)r
Now multiplying conjugate pairs gives, Z* +1=]] ZZ—[e 0 4e 9% JZ+1

k=0

i 2k +1 4 2k +1
=7%+1=]] 22 2005 F YT 7 :>z45+%=H Z+ L s (YT
ko 90 z®% o\ Z 90

15 2k +1
Now for Z=cos0+isin0 we get H{l—cos%} =2%
k=0

45 . 2k+1)n 1 a [ (2k+1)TE 1
| I 2 2( = I | = —,
or kzo[ Sin 180 ] 244 = (Sln 180 ] 244 >

k=0

Q.56

Let az® +bZ? +cZ+d=a(Z-a)(Z-B)(Z-7)

Now for Z=i, —ai—b+ci+d=a(i—a)(i-B)(i-7y) ...(i)

and for Z=—i,ai—-b-ci+d=-a(i+a)(i+B)(i+y) ..(ii)

Multiplying (i) & ii) gives (—ai—b-+ci+d)(ai—b—ci+d)=a® (1+a”)(1+p®)(1+*)
(d—b)2+(c—a)2.

or (1+0c2)(1+[32)(1+y2): 2

Q.57

. 3 on 3 ifr=3m
Given (1+x+x2) " =>a,x". Now recall that 1+ " + o”" = .
s 0 otherwise

Substituting 1, ® & ® in the given expansion and adding the three results gives

3n 6n

:Zar(lﬂor +w2’)

r=0

33" +(1+co+oa2)3n +(1+co2 +(o4)



or 3(a, +a;+ag +..+ag, ) =3

Smilarly

3n 2\3" 2, 4\ . r+2 , 2r4l

3 +(1+co+co) ® +(1+(o +co) w:Zar(1+co +® )
r=0

or 3(a,+a, +a; +..+3g,,)=3".

Q.58

_ (2k+l)1ri
-1=e""=(-1) " =e & Vk=0,12,..,7. Hence

LA 3ii lsii L 15Ji 3li ]'?’Ji
Z8=-1=|Z-e® ||Z-e8 |...|Z-e8 | whereded ,e8 | le8 e8 | etc are conjugate pairs.

L 157ni 3ii ]':l[i Sji ﬁi Ei gli
Z8+1=Z7%—|e® +e8 |Z+1| Z°—|e® +e® |Z+1|Z?—|e® +e8 |Z+1|lZ%-|e® +e8 |Z+1

z8 Jrlz(z2 —2cosg zu}(zz —2cos‘%7t zu}(zZ —2(;03%7c zu)(zz —2(:03%7c Z+1j

)1/ 8

Further the above result implies
Z4+i4: 7+ 2c0sT [ 2+ L 220053 |[ z+ L 20052 | 2+ L - 2c0s I E
z z 8 z 8 z 8 z 8

Now for Z=cos0-+isin® we get cos40 =8(cose—cosg](cose—cos%nj(cosG—COS%j(cose—cos%nj.

Now for 6 =0, 1—cosE 1—cos3—TE 1—(:055—TE 1—cos7—n :1
8 8 8 8

8
or (Zsin2 ij(2sin2 3—nj(23in2 S—RJ(ZSMZ 7_71) _1
16 16 16 16 8

Hence sin?-—-sin? 3—nsin2 5—nsin2 m_ i.
16 16 16 16 128

Q.59

2
(a) = 1=COSE+icosE:>(ﬁ—£] __3
Z,-2, Z,-7, 2

2
or Zy=4 -2 24 +1=0
ZS_Zl Z3_Zl

nZPAZ)P 2 =2,2,+2,2,+ 27,




(0) Z,+2,+2,=3Zy = Z* +Z,* +Z + 22,2, + 27,2, + 22,7, =9Z,}
Also for an equilateral A, Z* +Z,> + Z,* = Z,Z, + Z,Z, + Z,Z,.

Hence Z*+Z,* +Z,* =3Z,°.

(C) Zy+Zy+ ... +Z5y =30Zy & (Z,-2Z,) +(Z,—-Zo) + .- +(Zsn —2Z5)° =0

=(ZP+2,7+ . +24)7) =22 (Zy+Z,+ ... +Z4,)+30Z57 =0

or Z2+Z,5 + ... + 2,2 =3nZ,°

Q.60

(a) Using sinC+sinD = 2sin €D 05 P e get
2 2

.2 . 4n . bm .M. 21T . 3:m
sin — +sin—+sin— =4sin —sin—sin —.
7 7 7 7 7 7

Now sin = sin Esin 3 _ ﬂ
7 72
(b) Let center be the origin and A, be on real —axis i.e. OA, =1
o 2in 4in Sin
Now each of the internal angle will be - hence OA,=e ’ ,O0A;=e’ & OA,=¢e".
2in 4in 6in

= AA,=0A,-OA =e’ -1AA,=e’ -1& AA,=0A,-OA, =e 7 —1.

2in
e’ -1+

LT . 2% . 3
= 25IN—=+2SIn——2SIn — =4/7.
7 7 7 \/_

4in
e’ -1

6in
e’ -1.

Hence |AA,[+|AA,|-|AA,| =




