Applications Of Derivatives

Exercise 2(B)
Given S = x2 + 4xh = 1200
and V =x?h
_ x%(1200-x?) 1 s
V(X) = I VaE— V(X) = 2 (1200x — x°)

Pu V'(x)=0 gives x=20
If x=20,h=10
Hence V= x?h=(400) (10) = 4000 cubic cm.

Note that C, isasemicircle and C, isarectangular hyperbola.
PQ will be minimum if thenormal at Ponthesemicircleisalsoa
normal aaQon xy=9

Let thenormal at Pbe y=mx ~..() (m>0) y y = mx
solving it withxy =9 g
. _3 9\/_
mx<=9 = ;Y= P
m' —1/m
3 3\/— X
=|—,3Vm
Q‘(fs j
differentiating xy =9
dy L= d__y
X ty=0= dx X
dy_ 3mm
dXQ 3
tangent at P and Q must be parallel
1
-m=-— = =1 = m=1
m

normal atPand Qis y=x
soIvmgP(l 1) and Q(3, 3)
: (PQ?=d’=4+4=8 Ans.]
2

The given expression resembles with (x, — x,)? + (y, — ¥,)? wherey, = % and

Yo = {(17-X5)(x, —13)
Thus, we can thing about two points P,(x,, y,) and P,(x,, Y,) lying on the curves x? = 20y and
(X — 15)? + y? = 4 respectively.
Let D be the distance between P, and P, then the given expression simply represents D2,
Now, as per the requirements, we have to locate the point on these curves (in the first quadrant) such
that the distance between them is minimum.
Sincethe shortest distance between two curves always occurs along the common normal, it impliesthat
we have to locate a point P(x,, y,) on the parabolax? = 20y such that normal drawn to parabolaat this
point passes through (15, 0).

xf -10
Now, equation of the normal to the parabola at (x,, y,) is (Y—EJ = X—l(X—Xl). It should pass
through (15, 0).

= x’f +200x, -3000=0 = X, =10= Yy, =5



=  D=,10-152+5% -2= (5y2-2)

. . - . - 2
Theminimum vaueof thegiven expressonis (5\/5_2)2 = (ax/E—b)

a=5&b=2
x=1t2;y=t
dx_ _ dy_ 5
ot =2t; at =3t
dy _ 3t
dx 2

y-t3= % x-t) .2
2k — 2t3 = 3th - 3t3

t' —3th+2k=0

tt,t, =—2k  (put tt,=-1); hence t, = 2k

now t, must satisfy the equation (1) which gives 4y? = 3x — 1.
Comparing withay?=bx — 1, wehavea=4and b= 3.

—2x+log, (k* -6k +8), —2<x<-1
We have F(x) = 2
x3+3x%+4x+1, ~1<x<3

Also F(x) is increasing on [-1, 3] because F'(x) >0 V x € [-1, 3].
And F’'(x) =-2 V x € [-2,-1), so F(x) is decreasing on [-2,-1).
If F(x) has smallest value at x = -1, then we must have

Lim F(-1-h) = F(-1)

= 2+log,, (k*-6k+8)>-1 = log,,(k®°-6k+8)>-3 = k’®-6k+8<8
= k?-6k<0 = kel0,6] (1)
But in order to definelog,,(k? — 6k + 8),
We must have k?-6k+8>0
= k-2)(k-4)>0 = k<2or k>4 ... 2
From (1) and (2), weget k € [0, 2) U (4, 6]
= Possible integer(s) intherange of k are 0, 1, 5, 6
Hence the sum of al possible positive integer(s) intherangeof k=1+5+6=12 Ans. ]

3
We have F(x) = % +(@-3)x?+x-13

. For F(x) to have negative point of local minimum, the equation F '(x) = 0 must have two distinct
negative roots.
Now, F'(x)=x2+2(@-3)x+1

: Following condition(s) must be satisfied simultaneously.

() Discriminant > 0; (i)  Sumof roots<0; (iii)  Product of roots> 0
Now, D>0

= 4@-32%>4 = @-3°-1>0 = (@-2)@-4>0
ac(-w,2)u@d,0) e (1)

Also -2@-3)<0 = a-3>0 = a>3 ... (i)

And product of root(s) =1>0VaeR
(i) (i) N (i) = ac (4, ) ~(10)
Hence sum of value(s) of a=5+6+ 7+ ......... + 100 = 5040 Ans. |



1
Consider y=x+ ;—3

y
dy_, 1 _
= dx X2 - 5
g y=p-3
Y _o = x=1lor-1
dx
As x>0, y->woadx—>0,y—>-w L 3t V¥ + ™4 v
1 T T (0’ 0) | ‘\Ai\i:l___,l"’B T
Also roots of x+;—3:o: x2-3x+1=0 1 Where _[3_2J§]
3+4/9-4 3+45 T and B=[3+2ﬁj
T2 2 2N
For two distinct solutions either p—-3=0 = p=3 ‘
or 1<p-3<5

4<p<8
Hence p e {3} U (4, 8)
p={3,5 6,7} = Sum=21Ans.]

Let f"(x)=6a(x-1) (a>0)thenf’'(x)= 6a(x—22—x] +b=3a(x?-2x) + h.

Now f'(-1)=0 = 9a+b=0 = b=-09a.
f'(x)=3a(x?-2x-3)=0 = x=-1and3.
So y =1f(-1) and y = f(3) are two horizontal tangents.
Hence distance between its two horizontal tangents = |f(3) — f(-1)| = |-22 — 10| = 0032. Ans. ]

I 1 3V

VoumeV— A hy = h, =51

(V) 17 A
3V 3V 3V

| h,="5—, h,= andh,=
My — h, Ay, = A, AN = A,
50(A1+Az‘+%+@(hl+hz+h3+h4):(p‘1+é+%+@(3_v+3_v+3_v+3_\/}

= i+i+i
=3VA t A+ A+ AL As A,
Now usingA.M.-H.M mequalltylnAl, A2, Aj A, we get
A1+A2+A3+A4> 4

4 (1 1 1 1
—+—+—+—
Al A, Ay Ay

1 1 1 1
= (AFAFAFA)| A~ Tttt =216

Al Ay A A4
Hence the minimum value of (A,+A +A +A )(h,+h,+h,+h,) =3V (16) =48V =48 x 5 =240 Ans. ]



8 8
y:xzandy:—;; g=p?and s=-7 (D)

d
Equating%atAand B, weget F(x)=x2 !
A(p.q)

8

2p:r—2 () = pr2 =4 0 X
> 8
_9-s _ P +? 2 _ 8 . 16

Now mAB_E = 2p= -, =P =2pr+ - = p°=—

16 16
— r—4:T:>r=1(r¢O) = p:4

r=1, p=1

Hence p+r=5

x=0 and x=1]

y=x?
dy _,  dx
dt — 77 dt
X 1om
gt - lom/sec.

2
tand = — =x

do dx
sec?0 i
do 1
E—loxcosze—loxﬁ—l {ax=3m}
32 2 d_y_o Q_?,_XZ
oY ax T = dx ~ 2%
slope of se2 gty = 2802 _
ope of tangent at (4&2 , 8a3) = 2(8a%)

let this tangent at this point also cuts the curve at (4b?, 8b3) and normal at this point slope of

normal at (4b?, 8b%) = — —— .
3b
:>3a:—i:> ab=—1 . ()
3b 5

ga®-8b> _ 2(@°-b%)  2(@2+h?+ab)
4a? —4p? ~ (a%®-b?) a+b

= 3a[itisequal to slope of target]

= 2&%+ 2b% +2ab =322 + 3ab

dopeof line=



14.

15.

16.

2 a’-1

81a° 9

= 2= +ab =

2 =8la* - 9a?

= 8la*-9a?-2=0

8la* - 18a2+922-2=0
9a? (982 —2) + (9a2-2) =0
= (9&2-2) (9a2+1)=0
92 =2

Let x=rcos® and y=rsino

= r’=x%+y? tanez% 0 € (0, n/2)

r2 r2

2

~ r’[cos?0+sin0cosO + 45n20]  (1+C0S20) +8in 20+ 4(1—c0s20) _ 5+sin 20+ 3c0s20

2 2
= = —|5+410]) =
Nma = '5_ /10 15( VI0) = m
2 2
- _ 2 (5-410) =
Nma= 54 /10 15( VI0) =m
CMim 210 2 2 _
= T =lsacs =  2007x 7 =133 Ans]

f@ 2%+9 1

f(6) ~ %49 3’
32k +9)=2%k+9

= 26k —3(23)-18=0
23k =y
y?-3y-18=0
(y-6)(y+3)=0
y=6; y=-23 (rejected)
2%k=6

now f(9)-f(3)=2%-23% {from(1)}
- (23k)3 — 23k
=6°-6=210

hence N=210=2-3-5-7

Total number of divisor=2-2-2-2=16

number of divisors which are composite = 16 — (1, 2, 3,5, 7) =11 Ans. ]

f(9) - f(3) = (2% + 9) — (23 + Q) = 2% _ 3

f(-3)=f(3)=2 [ f(X)isanevenfunction, .. f(=x)=f(X)]

again f(-1)=f(1)=-3
21f(-)[=2]f(1)|=2]-3]=6

;
from the graph, -3< f (gj <-2

f(0)=0 (obviously from the graph)

(D)



17

18.

19.

cos?(f(-2)) = cos(f(2)) = cos*(1) =0

f-=f(-7+8)=f(1)=-3 [f (X) has period §]

f(200=f(4+16)=f(4) =3 [f(NT+x)=f(X)]
sum=2+6-3+0+0-3+3

sum=5

Wehave f (x)= (b?-3b + 2) (cos?x —sin®x) + (b — 1) x +sin 2
f'(x) = (b=1) (b=2) (= 2sin 2x) + (b — 1)

Now, f'(x)=0foreveryx e R,

0 (b-1) (1-2(b-2) sin2x) 20V x eR
b=1

Also, ! >1:be(§,2ju(2,§)
2(b—2) 2 2

Now,whenb=2,f(x)=x+sn2 = f'(x)=1(=0).

H b —3—5 = b—§ db—§

ence, p 2,2 1_Zan 2_2
b+b _§+§_§_4

= Brb)=5r5=5

Let x=rcosfandy=rsino
E=(X+5)(y+5) =(rcos0+5)(rsin®+5)=r?sin0 cosO + 5r(cos 0 + sin 0) + 25
Now put x=rcos@andy=rsin0 in x2+xy+y?=3
= r’cos’0 +r2sin® cos0 +r2sin0 = 3
3 6

2 + i = 2: =
- ML+snBcosh)=3= r 1+sinbcosd  2+sin26

. ) T 5t . T 5n
=2+sn20] ., =3 occursat sin20=1 = 20=— or — - i.e. —or —-

2
hence r9] 5 5 2 2

min.

2
Hence E= %(sin29)+ 5r(cos6 +sin0) + 25

1 1
put  r2=2and 6:% = E:1+5ﬁ(ﬁ+ﬁj+25:36

5 1 1
put  r2=2and 6:771 = E:1+5J§(—ﬁ—ﬁ}+25:16

hence minimum value of E is 16

Using LMVT for f in[1, 2]

vV ce(l2 %:f'(c)gz

f2)-f(1)<2 -~ (<4 (D)
againusing LMVT in[2, 4]
vV de (2 4) %:f'(d)sz

f@)-f(2)<4



20.

8-f(2)<4
4<f(2)

=

from (1) and (2) f(2=4

Let x treebe added then
P(x) = (x + 50) (800 — 10x)
now P(x)=0 =

x=15

(224

(2)



