APPLICATIONSOF DERIVATIVES
EXERCISE 2(A)

y=x¥3(x - 1)
dy 4y 1 1 1

ax T 3% T3 @E gl

) 1
hence f is T for x>

1 x*"’isalways positive and at x=1/ 4
and f for x< 2 the curves hasalocal minima

N V2 R S 1 . _ ,
now f'(x)= §X =X (non existent at x = 0, vertical tangent)

1
f"(x)=0 at x=- E(inflection point)
graph of f (x)isas y
1 1
Az J‘(X4/3_Xj/3)dx _ §X3/7_§X4/3}
0 7 4 0 ] ] 1{41
— 10 1,0 X
_|3.3| _44=7| o
“1774|77 28 |7 = DI
dy_ slope fo tangent
dx
1
—t—zz—g : %:t2>0 — aand b are of same sign.
fr)=.]_x* >0in(-1,1) = fisT

X -X X y
Now f(x)+f(~x)= Jxll—t“ dt + J'\/l—t“ dt — lel—t4 dt+{— J\/l—y“ dy} (t=—y)
0 0 0 0

=0 = f(x)isodd
—4x°

againf ' (x) = ﬁ which vanishedat x =0 and changes sign = (0, 0) isinflection sincef is

well defined in [-1, 1] = A,B,C,D]
dy

Since intercepts are equal in magnitude but oppositein sign = ™

=1
P

dy
nowd—X:x2—5x+7=l = X?-5x+6=0= x=2o0r3 ]



10.

(n(f(x) . g(x)) /naleson s
h(x)= —————=—~1 =
/na

fna

= {a"“ sgnx} + [a'x‘ sgnx] = am sgn X ( {y} +[y] =Y)

X

a for x>0
0 for x=0 = h(x) isanodd function ]

X

—a " for x<0

f ' (x) = 100 x*° + cosx

T
for  xe(0,1) and (O’Ej , cosx and x are both +ve = 7T

for  xe (g nj , X > 1 hence 100 x® obviously > cosx = T ]

Note that f (x) is continuous at x= 2 and f is decreasing for (2, 3) and increasing for [-1, 2] .

At x = 2 f hasamaximahence (A) is not correct. |
| A

[
{0
|
—

8 <\
NN
o

Graphofy=f (x) = (A)and(C) W ]
(0,-1)

If f and g areinversethen (fog)(x) = x
f'lg0)] 9" (x) =1

if fisincreesng = f'>0 = signof g'isaso+ve = (A) iscorrect

If fisdecreasing = f'<0 = signof g’ is—ve = (B) isfase

since f hasaninverse = f ishijective = fisinjective = (C) iscorrect
inverse of abijective mapping is bijective

= gisaso hijective = gisonto = (D) iscorrect |

f(x)=In(1-Inx)

domain (0, e)
1 1
f (x)=- +— <0 = decreasingV xinitsdomain = (A) & (B) areincorrect
(I-Inx) X
f)=-1 = (C) isalso incorrect
dso  f(1)=0; Limf(x) > —w. Limf(x)—>w
! x—et " x—>0"
—Inx

09 = 2@ Inw)?

f" (1) =0 whichisapoint of inflection
graph is as shown



11.

12.

13.

14.

y axisand x = earetwo asynmptotes

fisobviouscontinuousV x € R and not derivable at—1and 1 y
f’' (x) changes sign 4 timesat—1,0, 1, 2
local maxima at 1 and — 1

local minimaat x =0and 2 ] -2 -1 O

Domainisx € R

Also f(x)= [cos(tan‘l(sine))]z where cot § = x

r 2
_ 1 1
= co{tan 1{ WD] = (cos ¢)> wheretan ¢ = W

2
\/1+x2
T W2+x2

_ 1+x? ot

g(X)— 2+X2 -+ 2+X2
range's{1 1} f ') = @D Y

IS |5+, X) = 2)2

2 (2+x7)

hence f'(0)=0 %/
dso Limf(x)=1 -

X—>00

hence (B), (C), (D) ]

Let thetangent linebey =ax + b
The equation for itsintersection with the upper parabolais
x?+1=ax+b
x?—ax+(1-b)=0
This has adouble root when & — 4(1 -b) =0 or &+4b=4
For the lower parabola
ax+b=-x2
x?+ax+b=0
This has adouble root when & — 4b = 0
subtract these two equationstoget 8b=4 or b=1/4

add them to get 228 =4 or a=z* 2

The tangent lines are y:ﬁx+% and y:_\/EXJr%

f(x)= _Tcost cos(x —t)dt ...(1)
0
= ]E—cost -COS(X — m+ t)dt
0

f(x)= Tcost-cos(x+t)dt (2
0
(D) +(2) gives

2f(x) = Icost (2cosx -cost)dt
0



T /2
f (X) = cosx Icosztdt =2cosx Icosztdt
0 0
TCOSX

2

f(x)= Now verify. Only (A) & (B) are correct.
15, (A) f(x)=x-tanx

X2

f"(x)=1- >0 = fisincreasingin (0, 1)

1+x%  1+x2
f(x)>f(0) but f(0)=0
f(x)>0 = X >tanrxin (0, 1)
2
(B) f(x):cosx—1+7
f'(X)=-sinx+x=x-sinx>01in(0,1) = (B) isnot correct

© f(X)=1+X|n(X+\/1+X2)‘\/1+x2

1+1L
2 2
Fr(x) = x| ——LEXT +In(x+\/1+x2)—
x+\/1+x2 1+ %2
— X +In(x+\/1+x2j—— S0V xeR
\/1+x2 1+ %2

= (C) istrue

2
D) f(x)=x- X?—In(1+x)

1 (1-x3)-1 x?2
f’ =(1-X)- —— = =_
09 =(1-% 1+Xx 1+ X 1+X
hence f (x) isdecreasingin (0, 1)

f(x) <f (0)

<0 = (D) iscorrect

52
f(x)<O0 = x—7<ln(1+x)]

16. f'(X)I? and f"(x)=

R Now interpret

y
1/4

Y/l 5 3
17.  (A)  f(x) has no relative minimum on (-3, 4) /

(B)  f(x)is continuous function on [-3, 4]
= f (x) has min. and max. on [-3, 4] by IVT
C ff"x)>0 = f (x) is concave upwards on [-3, 4]

—3 4



O) =14
By Rolle's theorem
3 ce(3,4), where f'(c)=0
= 3 critical point on [- 3, 4]

18. (A) Fdse eg. f(x) =sin/x
(B) True, from IVT

L 1
(C) True as )'(—_'Q;‘ sin 1[1+ ;) = sin"}(aquantity greater than one) = not defined

(D) True, asthe line passes through the centre of the circle.

19.
X tz X t2 X )
xJ'e dt 0 x_[e dt '[et ot 2
(A) Let /= Lim—2—— —): Lim L = —2Lim®° 0= _oLim&— =
x=0 —(e* = x-1)\0) x>0 z(ex—x—lj x>0  x \0 x>0 1
2
X
(B) 14x2-T7xy+y’=2
dy 28x-7
= - 4 (1)
dx 7x-2y

if x=1 then 14-7y+y?=2 =  y’-Ty+12=0 = y=3o0r4
hence L (1,3)and M (1, 4)

28-21 28-28
=7 ;dopeof tangentat M =

slope of tangent at L =

7-6 7-8
equation of tangent at L and M are
y-3=7(x-1) = y=7x-4
and y-4=0(xx-1) = y=4

8
hence N = [7, 4] = (C)

(C) Ifnisoddthen graph of f (x) is \/
|

a8, isthe only point where

f (x) has its minimum value a & & a &

If niseventhen graph of f (x) is v

From a, to a; at all values of x, f (x) is minimum.

a & & a
2 a+b
W:l(bz—a2)+m(b—a)=|(b+a)+m; °=73

20. Wehave f'(x)=5sin% cos X —5 cos*x sin x = 5 sin x cos x(sin X — cos x)(1 + sin X cos x)

(D)  2lc+m=(Ib?+ mb)

f'(x)=0at x= AIsof'(O):f'(gj:O

NG

Hence3 somec e (O, for which f'(c) =0 (ByRollesTheorem) = (C) iscorrect.

N a
N—e



21.

22.

23.

24,

25.

(i)

T T
Alsoin (O, gj f isdecreasing andin [Z’Ej fisincreasing = minimumatx=%

Y
As  f(0)= f(a) =0 = 2roots= (D)iscorrect]

f (x) = tan~}(x) is defined on R and is strictly increasing but do not have its range R]

fO)=1 f(2)=2
f()=f(1)=f(1)=2]

2X+2
f(x)=In(2 +x) -

3 continuous in (=2, o)

1 4 (x+3°-4(x+2
X+2 (x+3% 7 (x+2)(x+3)?

f(x) =

_ x?+2x+1 _ (x+1)?
T (x+2)(x+32 T x+2(x+3?2
= fis increasing in (- 2, «)

a0 Xl;iirg+ f(X) > -2 and Limf(x) > = unique roof]

0 (fF’(x)=0 atx=-1)

Let f(x)=0hastworootssay x =r, and x=r, wherer,,r, € [a, b]
= f(r)="1(r)
hence 3 there must exist somec < (r, r,) wheref ' (c) =0
but f'(X)=xb-x>+x4-x3+x%2-x+1
for x|>1, f'X)=(X-x)+xX*-x3)+(x>-x)+1>0
for x|<1, f'(X) =(1-x)+X>=x3)+(x*-x>)+x6>0
hence f'(x)>0 forall x
Rollestheorem fails = f (x) = 0 can not have two or more roots.]

Consider the example of f (x) =e*and f ' (x) = * both increasing]

Par agraph for question nos. 26 to 27
We have f(x) =x 27X
So, f'X)=2*(1-x1In2)
and f"(xX)=2*In2(xIn2-2)

1
Clearly, f(x)isincreasingin (—oo,%) and decreasing in (— 00).

n In2
y
1
o \
o N )
In2

Graph of f(x)=x2"



. 1

@ii)  Given f(x) = x2* and g(x) = max.{f(t) : x <t<x+1}
As f(x) isincreasing in (—oo,%j, hence maximum value of g(x) occursat t=x+1
n

g =f(x+1)=(x+1) 27+

1
n2

Let | = jg(x)dx—j(x+1)2 O+ gy
I
(IBP)
_1y 1
C(x#p2nz t g R
In2 .[2 dx
- 0
I 14
- (X+1) 2—(X+1) In2 _ 1 2_(X+1):|In2
In2 do |n22 0
__1 [Ll_l} _LF_E}__ t v 1 1
N2 |In2e 2 In22 |e 2 eln?2  2In2 eln?2 2In%2
1 1 2

= + - Ans.
2In?2  2In2  e|n?2 ]

Paragraph for question nos. 29to 31

|n(x+1j
(1) Lim xln(1+%j = Lim X (2}

x—>0" x—0" E

Using L'Hospital's Rule
— Li 1 Do pim(Eo e ciim—t s Lim X -
"&L%“(m‘ﬂx ‘xio(x x+1)" TR0 X+ T o0 (x4 T OA™
(20  Limf(x)=1 (can be verified) Y
x—0 e——
Limf(x)=e /
XDo . g (0,1)
Also fisincreasingforal x>0 = (D) (canbeverified) 0 X
n k/n Y k/n
n _ n
(3) = [H(HEJ j {given f (x) = (1 + LUx)* and f (k/n) = [1+Ej }
k=1
taking log,
k/n n
Inl = Lim= ZIn(1+ n] = Li 1-Zkln(lJrinx
noo N K N> N 5N k/n

i 2T Y11 x?
- fefae o a2 0T (1),
oll X) 2 o o\X X+1) 2



1

= [Lin2-o]+ 22 ax = 2+ 2 [c-inx+ 1)}
2 20 %51 T2

1 1 1
==ln2+=|1-1In2)-0| = =
2n+2[< n2)-0] >

= Ve

Paragraph for question nos. 32to 34
2

X .
y=——; notdefinedatx=+1
x“-1

1 , 2x
(x%-1)2

=1+ ; =
x%-1 y
dy _
dx
as X—>1" y—> o : X>1,y>-w© J
My x->-1y—>-0 ; X—>-1",y-> o

0 = x =0 (point of maxima)

2

Thegraphof y = 21 isas shown 7

verify all alternativels from the graph.

Par agraph for question nos. 35to 37

(1) a=1
f (X) =88+ 4x2+2bx+1
f'(X)=24x%+8x + 2b = 2(12x? + 4x + b)
for increasing function, f'xX)>0 V xeR
D<0 = 16-48b<0

1
= ng = ()
(i) if b=1
f(x)=8x3+4ax?+2x +a
f'(x)=24x%+8ax + 2 or 2(12x? + 4ax + 1)

for non monotonic f ' (x) = 0 must have distinct roots
hence D>0 i.e. 168¢-48>0 = & >3

a>,/3 ora<- .3
aec?23,4,....
sum = 5050 — 1 = 5049 Ans.
(i) If x;, X, and X, are the roots then log,x, + 1og,X, +log,x; =5
log,(X,X,X5) =5

X XXg = 32
2. 32
-8 =

= a=-256 Ans.]




3. AR MBRST,;(CQD)Q

" szfl(x +1) —(x2—1)OI :ﬁfl(l— (x2—1)]dx _ _ffl (x2-1) o
Ha  (XC+D? Hal (P2 Ha(C+D?
I1
(X _1) dx 1 1
llzl/ja(x2+1) where (a= /2+1) ; put x=1 = dx=—t—2dt
1
e 2 (1-t2)t4 -t Va2 g
) Iﬁ It L) I(1+t 2)? I(t2+1)2dt
a[terlj a
totP-1
- e
= 2,=0= ,=0 =  2istheanswer.]

(B) Domainoff(x)is(0,1) v (1, x)
Inf(x)=1 = f (x) = e = constant
f'(x) =0, foradlin (0, «)-{1}
(C) Clearly (1, 0) isthe point of intersection of given curves.

X

Now, f'(x) = 27 + 2% (I2) (InX)

Slope of tangent to the curvef (x) at (1,0) =m, =2

d 1
Similarly, gx) = &(eZX'”X_l) :XZX(ZXX;+ 2Inx)

Slope of tangent to the curve g (x) a (1,0) =m, =2
sncem, =m, =2
= Two curves touch each other, so angle between them is 0.
Hence cos0 =cos0=1

(D) 3y¥-3y-3xy=0 = y=—

y=0 = y =0, nored x.
y=w = y=x= y=1ly=1
Thepointis(1, 1)

39.  (A)>R,(B)—Q,C)—P(D)—>S

dy 4t ) . 4t 3
< =— —at"=—(x—at
(A) i 3 Tangentis Y 3( )
al 3
xX-intercept = —
=
4
y-intercept _ _ 8l
3

at® at*
the point of intersection of tangent with the axes are 2 0| and |C T3




(B)

(©)

(D)

40

A[O-—EJ B{i OJ P(a-lz,aﬁ)
i ,

4
PdividsAB externaly in4: 3

m 4
— == = m=4&n=3
n 3

asm & n are coprime to each other
m+n="7

dX siny .
d_=e COSY: dopeof norma - _1

equation of normal is x+y=1

Area =t
rea =-

LY L et tanget
y_xz'dx_ & - Sopeottangent = —2

_eZ—ZX.ﬂ_eZ—Zx _2 .

y=e .(=2):slope of tangent — _2
~tang=0

_l_ bex/S _3
Length of subtangent | y'| blex/3 -
2

(A)—(9).(B) > (),(C) —>(9).(D) > (9)

1
y= f(X)+; soy>0

Now f(¥)f (f (y)+%j=1 dso f(x)f(y)=1

2 f(x)= f(f (y)ﬁ): f{f(le f(x)l+1/XJ

also f(x) isincreasing

now f(x)= > is decreasing so discarding it f (x)=

1-5

2X



