CONTINIUTY & DIFFERENTIABILITY
EXERCISE 2(B)

3x%+ax+a+3
X2 +X—2

Q.1  If the function f(x) =

Sol. [14]
Since the function is conti then

— V.F|_,=RHL|,_,=LHL|_,
= f(-2)= lim f(x)

X—>-2

3x° +ax+a+3_(15—aj
form

is continuous at X = — 2. Find the value of a + f (— 2).

= lim 5
x>-2 X"+ X—-2

this limit will exist when

=15-a=0
—a=15 (1)

. 3x*+15x+18
= lim ———

x>-2 X +X-2
_ fim 3(x—:2)(x+3)

x>-2 X +X-2
= tim 32+%)

X—-2 (X—l)
:>i:—1

-3

=hencef(-2)=-1

f(x
Q.2 Suppose that f(x)=x*-3x*-4x+12and h(x)= x(fg ’ z(:zthen
K
find the value of K that makes h continuous at x = 3
Sol. [5]
o i X2 (x=3)(<*~4) lim (x-3)=5
x>3* X—3 X—>3* (x_3) x—>3"

—hencek =5

Q.3  Determine the value of product of values of a & b so that f is continuous at X = g.f (x)



1-sin®x x<g
3cos?x if
. T
= a if x==
) : 2
b(1-sinx) if n
| (x—2x) x>
Sol. [2]
=VF| _=a
X=3
= LHL R = Iimff( )
2 x—)(g]
1-sin®*x
= lim — form
H(] 3cos’x )0
2
=put Xx==-h
P 2
1-sin®| =—
. ( j . 1 cos®h
:>!‘|I—r>r(]) h—)O 3 h
3cos( hj sin’
b(1-sinx)
= RHL| _=lim
2 ot (n=2x)
=put X=—+h
P 2
__b(1-cosh) b
= lim —
h—04 h? 8
since function is conti
=VF| _=LHL| _=RHL|
x=E x=E X=E
1 b
Sa=—=—
2 8
:>a:£,b:4
2
0.4 Iff(x):sm3x+Asm52x+Bsmx
X
Sol. [2]

j . (1-cosh)(1+cos’h+cosh) 1
h—0 _E

3(1-cosh)(1+cosh)

Since the function is conti

(x #0)is cont. at x = 0. Find the value of A + B + f (0)



= f(0)=limf(x)

x—0

. (sin3x+Asin 2x + Bsin xj
= lim c
Xx—0 X
) 30053x+2Acost+Bcosxj [3+2A+BJ
= lerrg
=3+2A+B=0 (1)
. —9sm3x+4Asm 2x —Bsin x 0
= lim ;| =form
x—0 20x 0
. [ —27c0os3Xx—8Acos2x —Bcos x -27-8A—-B
= lim > : form
x—0 60x 0
=27+8A+B=0 ....(2)
. (81sin3x+16Asin2x+Bsinx ) (0
= lim | = |form
x—0 120x 0
. [ 243c0s3x +32Acos2x +Bcosx
= lim
x—0 120
= f(0)=2B1EAYB )
120
using (1) & (2)
=A=-4B=5

—=thenf(0)=1

X" (x)+h(x)+1 _ sinz(n-zx)
5 Let g(x)=Ilim ,X=landg(1l)=lim—F——~
Q 9(x) oo 2X" 43X +3 9() X—’lln(sec(n-ZX))

x =1, find the value of 4 g (1) + 2 f (1) — h (1). Assume that f (x) and h (x) are continuous at x = 1.
Sol. [5]

be a continuous function at

g(x)=lim X' () +h(x)+1 since g is conti
xoe  2X"4+3X+3
& g(1)=2
_sin?(n-2)
= g(1)=lim

1 (sec(n-zX ))
=arg=1soarg—-1

- osin®(m-2%)
=g(1)=Ilim
9 Hl(sec(n-zx)—l)

i sinz(n-ZX)-cos(nZX)
x-1 1—C05(n2x)




i (1—cos 12~ )(1+ cos nZX)
x-1 1—cos(n2X)
(1— cos 2 )(1— cos 2" )cos (nZX)

=N 1-cos(n2")
SgM)=2 ... (1)
:>g(x)_I|man();)+h(x)+1;x¢1
x> 2X" +3X+3
h(x)+1
3(x+1), 0<x<1
=g(x)= 2, x=1 using (1)
f(x) , x>1
2
0,0<x<1
Hint limx" =<1, x=1
o o, X>1

when x <1then x" =0
h( )+1
x+l

_I|m
X 3x+3

=h (1) 1
=f()=4
therefore

=49 (1) +2f(1)-h (1)
=42+2.4-11

=8+8-11=5
Q.6 The function f(x)= (2+COSX %) is not defined at x = 0.
x*sinx X
Let L be the value of the function at x = 0 so that it is continuous at x = 0, then find the value of L™!
Sol. [60]

Since the function is cont. Atx =0



then,

= VF| _,=LHL| _,=RHL| _,
2+cosx 3
=f(x)= - =
(x) (x3sinx x“j
:>L:f(0):lxlg(1)f(x)
. | 2x4+Xcosx—3sinx
= lim

x—0 4 SinX
X' =X
X

2X 4+ X C0S X —3sin X

1 3 1
> =
4 120 60

= -.Lt=60

Q7 Letf(x)=x*-x*-3x—1and h(x)= %Where h is a rational function such that (a) it is
X
1

continuous everywhere except when x =—1, (b) limh(x)=coand (c) Iinjlh(x) =5 If

Iim(3h(x)+f (x)—2g(x)) = —g where p and g are coprime then find the value of p + g

Sol. [43]
= h(x):m

9(x)
= ()=

= -+ x =—1, function will disconti: and for x = —1h(x) =0

Now lim h(x) :%

Xx—-1

1 (x+l)a 2



2_2x-1 1
= lim (X X )(X+)=£

X—>-1 (x+1)a 2

2 1
42

a 2
=a=4
putin (2)

x*—x?-3x-1
=)=
=g(X)=4(x+1)
using (1)

) x2—x?-3x-1
:>)|(I_r>T(])(3.[ (x+1)4 J+(x3—x2—3x—1)—2(4(x+1))]
:M—1—8

4

2 3P¥_p

4 q

Q.8  Suppose f and g are two functions such that f, g: R —R, f(X) In(1+ 1+ X2 ) and

g(x)= In(x+x/1+ XZ) then find the value of e (f (ED +g (x)atx=1.
X

Sol. [0]

g(x):ln(x+m)

also (f %D :f(ij(—%j

now f'(x)= 1+\/1+_x \/1+_x

jfl[ij +«/);+x2 é.«/lixz
1 1

:f'(;j'(_Tj xy/L+x2 (X“/“X )

also e?) =e o) _x+\/1+x
= xe?) = x(x+\/1+x )




= Hence, eg(x)-x-(f (ED o1 (2)

X J1+x2
= From (1) and (2), g'(x)+xe*™ [f (%B =0

f(3+h*)—f(3-h?)

Q.9 Iff(x)isderivable at x =3 & f’ (3) = 2, then find the value of Iing

2h?

Sol. [2]
jlimf(3+h2)—f(3h2)

x—0 2h2
. 2hf(3+h2)+2hf'(3—h2)

x—0 4h

' 2 _h2

= IXiLTgf (3+h );f(S " ) by L’ hospital
SL;-I”(:S)ZEZZ

Q.10 Let f (x) =[3 + 4 sin x] (where [ ] denotes the greatest integer function). If sum of all the values of

‘X’ in [n, Zn] where f (x) fails to be differentiable, is k—zn then find the value of k.

Sol. [24]
YA s
N33 £388 .
) <%
-3 ; >
—4 -« "
=f(X)=[3+4sinX]
=+ [4sin x]
Sumof all x=n+(n—0o)+(n+p)+(n+7)+(2n—P)+(2n—o)
=12n
= .. k=24

Q.11 The number of points at which the function f (x) = max. {a—x, a + x, b}, —co<x<w,0<a<b

cannot be differentiable is
Sol. [2]



(0, 9)

\(9=0)

N

Q.12 Letf, g and h are differentiable functions. If f (0) =; g (0) = 2; h (0) = 3 and the derivatives of their
pair wise products at x =0 are (f g)’ (0) = 6; (gh)’ (0) =4 and (hf)’ (0) = 5, then compute the value of
(fgh)’ (0).

Sol. [16]

(fg)'h+(gh)'f +(hf)'g
2
- (1gh) (0) [0 @81 (0)(0)+(47) (0) 5(0)

2

— (fgh) (0)=fgh’+ghf’ +hfg =

6-3+4-1+5-2
= 5 =

16

Q.13 Letf(x)=x+i+i+i+ ...... o . Compute the value of f(10)-f'(10)

2X  2X  2X
Sol. [10]
= f(x)=x+ 1 1 — 1

X+ X+ x+f(x)
1
2X +
2X A+ 0
1

hence f(x)—x=

x+f(x)

= .f?(x)-x*=1

Differentiating w.r.t. X

= 2f (x)-f'(x)-2x=0 or f(x)-f'(x)=x
= Hence f(10)-f'(10)=10

2
Q.14 If the value of the expression y* 3—2 for the ellipse 3x*+4y* =12, is—EWhere p and g are co-
X q

prime then the value of p + q
Sol. [13]
Differentiating implicitly we have



" |__3_X. n 12 —
=  6x+8yy'=0and hence y'= 4y,4[yy +(y") }_ 3

Differentiating again and substitute for y’ we have
2

= 3+4(y')2+4yy"=0 and hence 3+%+4yy"=0
y

2 2
multiplying by y?, 3y* +QL+4y3d—¥=O
4 dx
3y° 9 s
= —+—+yy"=0
4 16 vy

= %(3%‘ +4y2)+y3y"= 0

= but 3x* +4y® =12 and hence y’y" = —% = —g at every point on the ellipse

Q.15 Iff:R —Risa function such that f (x) = x3+x? £’ (1) + xf” (2) + f > (3) for all x € R, then find
the value of f (2) — f (1) + f (0).

Sol. [0]

Given that f{x) = x3 +x2f'(1) = 1+ f'(1) + xf"(2) + f"(3) ....(1)

Putting x =0and x =1 in (1), we get
fO)=fB)andf(H=1+1" 1)+ 2)+1"(3)

Q) -TO)=1+(1)+17(2) ....(2)
Differentiating both sides of (1) w.r.t. x, we get
= X =3x2+2xf(1)+f” () e(3)
=and f” (x) =6x+2f’ (1) cee(d)
=also f”” (x)=6 (5
Putting x =1, 2, 3in (3), (4), (5) respectively then
= f'()=3+2f"(1)+f” ()
orf’()=¢t2)=-3 . (6)
=f"2)=12+21"(1) or 200 (-7 (2)=-12 ... (7
=andf’”3)=6 . (8)

Solving (6) and (7), we get f° (1) =—Sand f” (2) =2
Hencef(1)-f(0)=1-5+2=-2

Also from (1), f(2) =8 +4f° (1) +2 7 (2) + 7 (3)

=8-20+4+6=-2 L (10)
Hence from (9) and (10), we get f (2) = f (1) — f (0).

> f@-f)+f0)=0

Q.16 Lety =xsin kx. Find the sum of possible values of k for which the differential equation

2
%+y:2kcoskx holds true for all xeR
Sol.  [0]
y =xsinkx ....(1)

=Yy1= kK X cos kx+sin kx



=Y =k [cos kx — kx sin kx] + k cos kx
2

:j%szcoskx—kzxsinkx ........ )

d’y

2
= Now, given s +y =2coskx (substituting the values of y and 3—32/)
X X

= Hence, 2k cos hx — k2x sin kx + x sin kx = 2k cos kx
=xsinkx [1-k¥ =0,
=hencek=1,-1o0r0

Q.17 The function f : R —R satisfies f (x?) - £ (x) =’ (x) -’ (x?) for all real x. Given that f (1) = 1 and
f’” (1) =8, compute the value of £ (1) + f” (1).

Sol. [6]

Given, f(x?) -f” (x)=f’(x) -f’ (x)

Put x = 1 in the given relation

=f(1) - 7 ()= (1))

letf’ (1)=a .....(1) (asf()=1)

tofind(a+h)="

differentiating the given relation

wegetf(x?) £ x)+f7(x) - 2x+ 1’ (x?) -f” (x)

putx =1

—=8+2ba=2ab+ab

—ab=8 ... ()

from (1) and (2)

=a*=8

—a=2andb=4

—a+h=2+4=6

Q.18 A polynomial function f (x) is such that f (2x) =f’ (x) f” (x), then find the value of f (3)
Sol. [12]

Suppose degree of f (x) =n.

=Thendegf’=n—-1landdegf”=n-2,son=n-1+n-2.

Hence n = 3.

=So put f (x) =ax® + bx? + cx + d. (a=0). Now using f 2x) =’ (x) -f” (x)

Then we have 8ax® + 4bx? + 2¢cx + d = (3ax? + 2bx + c) (6ax + 2b)

18a?x3 + 18 abx? + (6ac + 4b?)x + 2bc.

= Comparing x3, 18a% = 8a L) = a= g
= Comparing x2, 18ab = 4b ..2) > b=0
= Comparing X, 2c=6ac+4b>...3) = ¢=0
= Comparing constant term, a = 2bc = d=0

= 1(x)= 2 1(9)=12

Q.19
Sol.  [6]



f(x+y“):f(x)+{f(y)}n,v X,yeR
Differentiating w.r.to x gives
f'(x+y”):f'(x)

Hence f'(x)=constant

= f(x)=ax+b

for x=1y=0

f(1)=f(1)+{f(0)}' =7 (0)=0

for x=0,y=1

f(1)=f(0)+{f(1)}] =f(1)=0or1
But f(1)=0= f(x)=0 for all x.
Hence f(x)=x

= f'(10)+f(5)=6

Q.20
1-a*+xa*Ilna
— , x<0
f(x): a X
2*a*—xIn2-xIna-1
> , x>0
X

. . 1-a*+xa*lna
:ﬁzllmf(x):llm )
x—0" x—0" a*x

. . 1-a”+2xa™In
Replace x with 2x to get (= lim a_+oxa a
X0 4a2XX2

2
(l—aX +xa* Ina)(aX —xa* Ina+1)+x2a2X (Ina)

:ﬁ:)!i_gl 427%2
2 X xI 1
[:(Ina) +€Iim<a xa*Ina+1)
4 4 x>0 a*
2
- :(Ina) WL
4 2
2
:M:(Ina)
2

(2a)" —xIn2a-1

Further r = lim f (x)= lim 5

x—0" x—0~ X

Replace x with 2x to get




. (2a)2X —2xIn2a-1
=r=1lim 5
x—0" 4x

((Za)X —xIn 261—1)((2:1)X +xIn2a +1)+x2 (In2a)’

=r=Ilim 5
x—0" 4X
2
— =" lim ((Za)X +xIn 2a+1)+(|n 2a)
x—0"
2
e (In 2a) +£
4 2
2
e (In2a)
2

For f(x) to be continuous,

(=r=f(0)



