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Q.2

Q.3

Q.4

ELLIPSE
Exercise — 3

ae=b & a*—a%?*=h?>=a’=2a%"

1
—Se=—F.
V2
Let the ellipse be —+§ =1, then
a

the circle on major axis as diameter will be
x? +y? =a? and

the circle on minor axis as diameter will be
X2 +y? = b?

Any tangent with slope m to former circle will be

y=mx+avl+m? or y—mx=ayl+m? and

a perpendicular tangent to the later circle will be

y=—Lx+b L+ or x+my=byi+m?
m m

ay — bx

From the two equations we get m = :
by + ax

Substituting this value of m in former equation of tangent gives

x(by+ax)+y(ay—bx)= a\/(by+ax)2 +(ay—bx)2

or x> +y?=a+b?.

Vertices of the rectangle will be P(8),Q(n—6),R(n+6) & S(-6).

Hence sides will be of length 2acos6 & 2bsin6.

Perimeter = 2acos0+ 2bsin0 < 2+/a? +b?
Area = 4abcos0sin0<2ab.

Let eccentric angles of P & Q be
o & B then equation of PQ will be

ot+P Y +B_ P

X cos +Lsin £ — cos
a 2 b 2 2

Hence coordinates of S will be

b {e cos —B cos (HB)
a 2

a 2
e’ .o+
2

esin




b(ecosa_B—cosOHBj a(ecosa_B—cosOHBj
2 2 2 2

Now slope of FS = =
a(l—ez)sin(x;FB bsin > P B

__bsinp & Slope of PR=m, = —bsma
acosp—ae acoso —ae

Let slope of bisector of angle QFR be m, then
m-m _ m-m,
1+mm 1+mm,

Slope of QF = m, =

= (m,+m,)m*+2(1-mm,)m—(m,+m,)=0

bsina N bsinp
acoso—ae acosf—ae
_ absin(a.+B)—abe(sina +sinp)

~ a*(cosa—e)(cosp—e)

2absin OH_B(COS a+p ecos_BJ
2 2 2

a’(cosa—e)(cosp—e)

and 1—mlm2:1—( bsina j( bsinp j
acoso—ae /{ acosp—ae

_a’cosa.cosp—a’e(cosa+cosB)+a’e’ —b?sinasinp
- a’(cosa—e)(cosp—e)

Now m, +m, =

(a2 - bz)cos2 0€2—B+(az i b2)0052 OLZB—2azecosOLZ_BCOSOHB+a2e2 —a’

a’(cosa—e)(cosp—e)
2
a’ cosw—ecosa—_ﬁ —b?sin? oat+p
2 2 2

a’(cosa—e)(cosp—e)

Let a(cosa;B ecosazﬁ) p&bsinaTJrB=q

then m, +m, = 2pq &1-mm, = p°-q’
a’(coso—e)(cosp—e) a’(coso—e)(cosB—e)
Now pqm2+(p2—q2)m—pq=o:>m=§&_%
a[cos(HB—ecosa_BJ bsin TP
2 2 >
- o+p Y GUNeE S
bsin (cos—ecos j
2 2 2

Hence one of the bisectors of angle QFR is FS.



Q.5

Q.6

Q7

Q.8

Q.9

As the ellipse is touching x — axis hence b? = 12.
(Product of perpendiculars from the foci on any tangent is b?)

Also 2ae = \/(—1—5)2 +(2—6)2 —a%?=13
Now a? =a%?+hb? =25

V13

Hence e = —.
5

Let radii of the given circles w1 & w- be ry & r> and that of w be r.
Now AC=r1—r&BC =r2+r, then

AC+BC=r1+n

Hence locus of C is an ellipse foci at A & B and major axis =r1 + rz.

2 2

Normal to X—2+§ =1 at any point P(0) will be
a

X _P_y —a?_p?.
cosO sind
a?—b?
Ja?sec?0+b? cosec?0
Now a’sec’0+b?cosec’0 =a’tan’0+b?cot’ 0+a’ +b?
Further by AM.>G.M.
a’tan®0+b?cot’0 > 2ab
Hence a®sec’0+b?cosec?d >a’ +b? +2ab
a’—b?

= <a-b.

Ja%sec?0+b? cosec?0

Distance from origin =

2 2
Tangent to X—2+§ =1 at any point P(0) will be
a

xcose+ ysing
a b
It will meet the coordinate axes at A(asec6,0) & B(0,bcosech).

Coordinates of midpoint of AB will be

1.

asecO bcosecO
X = &y=—-—"-+—
2 2
a> bp?
Eliminating 6 gives the required locus as — +—=1.
4x° 4y

Let P be (acos6,bsin®).
Now F is (ae, 0) hence PF = a(1-ecos6)

) ) ) a(l-ecosO
Radius of circle on PF as diameter = Q

acos0+ae bsind
and center ; > "



Also for auxiliary circle radius = a and center : (0, 0)
acose+aej2 +(bsin 6)2 |

Distance between the centers = \/( 5 >

= %\/az cos’ 0+ 2a’ecos0+a’e’ +b*sin’0

= %\/az cos® 0+ 2a’ecos0+a’e’ +b® —b*cos’ 0

1
= E\/az e? cos’ 0+ 2a’ecos0 +a’

~ a(1+ecos0) ~ _a(l—ecose)
2 B 2
= difference of radii.

Hence circle with PF as diameter touches the auxiliary circle.

Q.10 Let the common tangent be y =mx +c.
For being a tangent to the ellipse : ¢* =a’m?+b®
For being a tangent to the circle : ¢* =r*(m? +1)

Hence a’m? +b? =r? (m2 +1)

2 p2
=>m=+= R =tano
Now parametric coordinates of a point at a distance p from F(ae, 0) on the line RS || PQ
will be

(ae+pcos6,psin6)

Substituting these coordinates in the equation of the circle gives
(ae+ pcose)2 +(psin 6)2 =r? or p’+(2aecosO)p+a’e’—r’ =0
Roots of this equation will be SF and QF.

As SF & QF are measured in opposite directions from F, hence
RS = difference of roots

\/4a2e2 cos? 0 —4(a2e2 - r2)

= RS=
2
= RS=4/r*—a%?’sin’0
2 2 2 2
Now tan’®6 = rz b2 :sinzez%
a’-r a’e
= RS=b.

2 2
Q.11 Tangentto ;(—2+§ =1 at any point P(0) will be

xcose+ysine 3
a b

1.




Homogenizing the equation of the auxiliary circle using the equation of tangent gives
X2 4y = az(xcose . ysin 9)2
a b
(b?sin? 0)x* —(2absin 6cos0) xy +(b* —a’sin®6)y* =0
As this pair of straight lines subtends a right angle at the origin hence
coefficient of x>+ coefficient of y> =0

= b?sin?0+b?—a’sin?6=0

:az—bz 1
b? sin’ 0
a’ —b? 1
= 2 -
a 1+sin“0
=e= !

V1+sin?0

Q.12 LetP be (acos6,bsin®).
Also F, & F, are (ae,0) & (—ae,0)
FF, = 2ae, PR, =a(1-ecos0) & PF, =a(1+ecos0)
Now (PF, — PF,)? = 4a’e’ cos0.

2 2

Further Tangent to X—2+§ =1 at the point P(6) will be
a

XC0SO ysin©
T

=1.
ab
Jb?cos?0+asin? o

2 2 2 2 2
Now 432(1—b—j=4a2£1_b cos? 0+a?sin 9]
d? a2

Hence d =

= 4(a2 - bz)cos2 0= 4a%?cos?0.

Q.13  Let the extremities of the two semi-diameters be P(a.) & Q(B), then

bsina bsmB
acoso acosB

= —1(as the diameters are mutually perpendicular)

= b’sinasinp+a’cosocosp=0
= b’ (cos(o.—B)—cos(a+B))+a’(cos(a—Pp)+cos(a+B))=
:(a2+b2)00520£;B +(a? bz)coszoczB a%...(0)
Now the chord PQ will be
oat+f Y +B a—f

co +2sin 2P _¢os
a 2 b 2 2




Q.14

Q.15

abcos P
2

Distance of PQ from the originis d =
\/bz cos? 2P 4 g25in2 4B
2 2

ab cos(x—_B
2

o+
\/az —(a2 —bz)cos2 )

a —
abcos 5 ab

\/(az + bz)cos2 OLZ_B ) \/(a2 +b?)

Hence PQ touches the circle having radius b
J(az + bz)

Let length of major axis and eccentricity of one
ellipse be 2a & e and that of second ellipse be
2a&e’.

Now FF, +FF, =2a

Further if eq. of K, F, is y=Xtan0, then

F, & F, will be

From (i), d =

Fs3

and center at the origin.

(ae'cos6,ae'sin 6) & (—ae'cos 6, —ae'sin 0)

Now \/(ae+ae'cose)2 +(@e'sin 9)2 o

+\/(ae—ae'cose)2 +(ae'sin®)’ =2a

— Ja%e? + 2a%ee'cos 0 +a2e?' = 2a—+/a%e’ —2a%ee'cosO+a’e ™

— a—aee'cos0 = +/a’e? — 2a%ee'cos 0 +a%e?'
1 2 1

=1+(ee'cos0) =e’+e”

e’ +e”?-1

e2eu2

= c05° 0 =

Let the vertices of the triangle be A(a),B(B) & C(y).

Consider the triangle formed by corresponding points on auxiliary
circle as shown in the adjoining figure.
Now

11 acosa bsina 11 acoso asina
AABc=§1 acosf bsinp &APQRZEI acosp asinp

1 acosy Dbsiny 1 acosy asiny

Fi(ae.0)




Hence A,z :EAPQR.
a

Now Area of triangle PQR will be maximum if its equilateral

i.e. a,f,y differ by %ﬂ

Now centroid of triangle ABC

27 47 . . 27 ] 41
acos o +acos oc+? +acos oc+? bsino+bsin oc+? +hsin oc+?

is

3

Q.16 LetShe (h,k)and P, Q &R be (acos6,bsin®), (acosa,bsina)
(:os(x—ﬂ3 sinOHFB
Now h=a 3B&k=b 2—13
coS coS
2 2
1—tangtanE tanngtanE
—~h=a 2 & k=b
1+tangtanE 1+tangtan—
2 2 2 2
Also tangtangze—1 & tanBtang
2 2 e+1 2 2
2
:tang:[e—_l) tan B (i)
2 e+1 2
From (i) & (ii)
h (e+1)2—( ) tan? X

a (e+1) +(e- 1) n’

:>tanZB (e+1j (—h
2 e-1

h
K (e +1)2tan p

&—:
b

NN [

(e +1)2 +(e—1) tan? 2

5

: =(00)

& (acosp,bsinp).

(i)

Q.17 LetAB&CDbey= mex &y= —%x, then coordinates of P and Q will be

(s 2)e(s-3)



Altitude fromPon OQ : y—— = —[x —E] I ’
e

Altitude fromOonPQ:y=0

2 2
,Oj ie. (ae,0) 5

a
Hence orthocenter : (

ae

Q.18 Let three of the sides of quadrilateral be 5cos%+%sin % = cos i —2%1
a

fori=1,2,3.

Let direction of three given sides be given by m, = —Etan% fori=1,2,3.
a

o, + oy

Clearly direction of fourth side will be uniquely defined as m, = —gtan 5

Q.19 Let the equations of AB & CD be y=mx+¢, & y=m,X+C,.
Any curve passing through A, B, C & D will be
b’x* +a’y? —a’b® + L(mx—y+c,)(m,x—y+c,)=0
If this equation represents a circle, then
b?+amm, =a’+A (coeff. Of x? = coeff. Of y?) ...(i)
m, +m, =0 (coeff. Of xy =0) ...(i1)
Clearly from (ii), AB & CD are equally inclined to coordinate axes.

Q.20 Let P(G),Q(g%)) & R(n+9),8(3§+6) represent the end points of diameters PQ &

RS.
Clearly PQ* +RS” =2(a’ +b?).

Q.21 If any circle having center at (ae, 0) and radius r is T
touching the ellipse at a point P (), then normal

ax _.b_y =a’ —b* must pass through (ae, 0)
cosO sind

and also distance of (acos6,bsin6) from (ae, 0)
must be r. Hence

2
ae —_L:az—bzzmose:l (i)
cosO sino e

a(l—ecosB)=r
From (i) & (i) it is clear that no normal except
major axis can pass through the focus as




Q.22

Q.23

e <landhence 1/e>1 but cos6 #1.

The required circles must be touching the ellipse at end points of major axis.
Refer the adjoining figure.

Ri=a—ae&Rzx=a+ae.

R1 Ry = a?—a%e? = b

Let coordinates of R be (h, k).

2 2
equation of chord of contact of X Y =1 w.r.to R will be
a(a+b) b(a+b)
LS S A R
a(a+b) b(a+b)
X2 y2
Equation of tangent to —2+F =1 at any point will be
a

XC0sSO ysin®
+
a b
Comparing (i) & (i) gives h=(a+b)cos6,k=(a+b)sin®

=1.. (i)

Eliminating 6 gives h? +k? =(a+b)’.

2 2

Hence R lies on director circle of X + y =1.

a(a+b) b(a+b)

. ZPRQ =g.

Feet of perpendiculars from the foci on any tangent lie on the auxiliary circle hence M, N
lie on auxiliary circle.

Tangent to the ellipse at P i.e. MN will be chord of contact of Q(h, k) w.r.to the auxiliary
circle.

xcose+ ysin© _
b
Chord of contact of Q : hx + ky = a2,

Comparing the two equations gives
2

h=acos9,k :%sine.

Tangent at P : 1

Clearly P & Q have same x coordinate.

Further eliminating 6 gives required locus as
X2 y2 a2

b a? b




Q.24

Q.25

Q.26

Let P be (acos6,bsin®).

Also F, & F, are (ae,0) & (—ae,0)

FF, = 2ae, PR, =a(1-ecos0) & PF, =a(1+ecos0)
Now in-center will be

‘e a(l+ecos6)xae+a(l-ecosB)x(—ae)+2aexacosO ,f/

= ] B

2a+ 2ae \
_a(l+ecos0)x0+a(1—ecos6)xo +2ae xbsin "

& vy=
Y 2a+2ae \
i 1+e
:>x:aecose,y:besme or cosezi,sinezy( )
l+e ae be
x? y2(1+e)2
:>a2e2+ bZe? =1.

Let the given circle be x> +y* =a” and A & B be
along x — axis.
Also let P be (acos6,asin6)

Now tangent at A is X = a and
tangent at P is xcosO+ysinf=a.

Coordinates of Q will be (a, atan gj

coordinates of B are (-a, 0).

Now equation of AP : xcosg+ ysin g = acosg

and equation of BQ : xsing—Zycosg = —asing

2

Eliminate 0 to get required locus as x> +2y* =a’.

-

Let PQ & RS be any two mutually perpendicular diameter with eccentric angles of

extremities being P(a),Q(n+a),R(B) & S(m+p).

Now slope of PQ = gtan o & slope of RS = gtanB

2

As PQ LRS .- tanatanﬁ:—%
Further PQ = 2+/a?cos? a+b?sino & RS=24/a?cos? +b?sin?p
Hence —— 4+~ — L !

+
PQ®* RS® 4(a’cos’a+b’sin’a) 4(a’cos®B+b’sin’p)
_ l+tan’a N 1+tan’B
4(a®+b’tan’ o) 4(a’+b’tan’B)




Q.27

Q.28

4

but tan’f=————
P b* tan® o

1 1 1+tan® o b*tan® o +a*

- PQ? "R T 4(a’ +b’ tan’ o) gt (b*tan*a.+a’)

a’h’ (1+tan’ o)+ b* tan” a +a*
4a°b? (b” tan’® o +a*)
B (a®+b’ tan” a)(a® +b?) i b
42’ (b’ tan*o+a’)  4a’h?

2 2 H
Tangent to ;(—2+§ =1at P(0) will be xcos® + yslljne =
Foot of perpendicular from the origin on this tangent will be given by
x-0 y-0 ab

bcos® asin® b?cos?H+a?sin? 6

X bcos© y asino

ab b’cos’0+a’sin’® ab bZcos’0+a’sin’0

x? LY 1
a’b®> a’b® b’cos’0+a’sin’o

X y

= . =C0s0 & >
X y X y
b (azb2 ' azsz aZb(azbz ’ azsz
NG y? 2 y 2
T a't [azbz Tt )

. T
leen P (a) & Q (a —+ Ej (a(cosw-sina).b(cos c+sinor)) 4y

1.

=sin0

Now point of intersection of tangents

[

|at P(a)&Q(ong : Qety)

R(a(cosa—sina),b(cosa+sina)) c
Required area = 8x A,
1 0 0
acoso bsina
a(coso—sina) b(cosa+sina)

:8)(1
2



X2 y2
Q.29 Tangentto a_2+F:1 at P(6) will be

X C0s 0 N ysin®

=1...G)
a b
After rotation the ellipse will become %
X2 y2
F + a—2 = 1

Tangent to this ellipse at P'ij will be

_xsm9+ycose _

. 1...(ii)
From (i) & (ii) we get
b(v—
cosez—a(ZXJr{) &sinez—(zy );)
X +y X4y

Eliminating q gives required locus as
az(x+y)2 +b2(x—y)2 :(x2 +y2)2.

Q.30 Coordinates of P are (a cosa, bsin (x) and those of the focus S are (ae , 0)

Hence slope of SP, tanp3 = _ bsina .
acoso —ae
2tan <
b 2
2tanE 1+tan? &
. 2 _ 2
1—tan?® 1@ ®
2 42 g
1+tan? <
2
tan P 18 n®
2 l-e 2
= B 1+e o
1-tan*S  1-| =" |tan® =
2 l1-e 2
b o e
1-e 2

Similar we can prove for the other focus.

Q.31 Let CP & CR be any two mutually perpendicular diameter with eccentric angles of
extremities being P(a) &R(B).

Now slope of CP = gtan o & slope of CR = gtanB



Q.32

Q.33

2

a
PLCR .. tan np=-—
As C C tanoctan 3 o’

= b?sinasinp+a’cosocosp =0.

Further d, =+va?cos® a+b?sina & d, =+/a’cos? B+b?sin?p

Hence d,d, =+/a? cos? a+b?sin? ouy/a? cos? B+ b? sin? B
Ja? +b? tan® a\fa® + b? tan? B
J1+tan® ay1+tan? B

=dd, =

= \/a“ cos’ o.cos” B+ b* sin? asin? B+a’ b (cos” asin® B +sin’ a.cos’ )

\/a“ cos’ a.cos’ B+ 2a°b? cos o cos Bsin a.sin B+ b* sin® asin® B

+a’ b’ (cos’ ausin® B +sin’ o.cos’ B) - 2a°b” cos o.cos sin ausin B

2

-\ ) :
- \/(az cos o.cos B+ b*sin asin B) +a’b*(cosasinB—sin a.cosp)

Hence d,d, =ab)sin (c.—p)|.

From given information let +Y
B:E & PQ=a+b. :"0=a+bk\,Q
QR b La )
2 2
Hence \/(th +(wkj =a+b
b a
h? k?
:F+¥:1'

Required locus is an ellipse.

Let y=mx++a’m’+b* & tr

my =—x++/a’+b’m? be two mutually

perpendicular tangents drawn to the ellipse
from any point. a@
Now if the auxiliary circle cuts off a chord of
length d1 on first tangent, then

d,* =4(a*—p*), where p is perpendicular

distance of the chord from center of the
auxiliary circle i.e. (0, 0).

, a’m?+b? a’—b?
S By |
m-+1 m°+1

Similarly for the other tangent

=d’ = 4(&




Q.34

Q.35

Q.36

2 122 2% —b2\m?
L :4(612 _mj{@}

m? +1 m? +1

2 12 2 _p2\m?2
Hence :>d12+d22=4(a b j+4[(a m ]—(Zae)z.

m?+1 m? +1

Let P be (acosa,bsina), then M & N will be (acosa,0) & (0,bsina).

Equation of MN will be X y =1
acosa bsina

. . By 2 2 x* y? )

Comparing with +——=A"-B" (normal to — +===1) gives
cosa Sina A B
2 2 2 2

A°-B :a&A B b

ab’ a’b
:A:bz—az’ T _at

X2 y2

Hence MN is normal to the ellipse + =1.

ab? Y alb Y
b?—a? b?—a?

Let ‘d’ be the length of referred diameter with one end point at (a cosa, bsin a) , then

d? = 4(a2 cos? o, + b?sin? oc).

: 8a’b’
As given d* =———
a“+b
. 2a°b’
=a’cos’a+b’sina=—-
a“+b

= a*cos? o+ b*sin? o = a’b? (0032 o +sin? a)
= (b2 —az)bzsin2 o =a’ (b2 —az)cos2 a

a
= tano = iB

Let the common tangent be y = mx + c.
2 2

For 2 +Y —1:c?=9m?+4 ..(0)
9 4
) 1 .
For y* =4x : c=— ...(i1)
m

2

From (i) & (ii), om?+4=—1 or om*+4m? -1=0
m



Q.37

Q.38

Q.39

s J13-2

9

Hence common tangents are (\/1_3— 2)x +3\\13-2y =9.

Let the end points P & Q of conjugate diameters be P(6) & Q(%H&j.

Now point of intersection of tangentsat P &Q :

7T . T
cos(e+4j sm(e+4j «
R| a b ie. —=cose—sin9,%:cose+sin9

T T a
CoS— cos—
4 4
o : : x? y°
Eliminating 6 (square and add) gives required locus as —2+F =2.
a

A parallelogram(rectangle) having its vertices lying on an ellipse will be such that the
points corresponding to its vertices on auxiliary circle will form a rhombus(square).
As diagonals of a rhombus(square) are mutually perpendicular hence diagonals of the
referred parallelogram(rectangle) will be conjugate diameters of the ellipse.

Given P (o) &Q(p)
Now point of intersection of tangents
jat P(0t) &Q(B) :

o+ . o+ Q(R)
cos p sin p

Rl a 2 2

,b
cos 2P o 4P ‘
2 2 Q(n+)
Also point of intersection of tangents

lat P(o) &Q(n+p) :

P(n+a)

sinOL;rB cosOL;rB
S| —a b
sina_B sina_B
2 2

Required area = 4x(Agr +Acps)



1 0 0 1 0 0

:4><%1 acosa bsina +4x%1 acosa bsina
cosOL;rB sinOLZJFB sinOLZJFB cosu;r[3
1 a b 1 -a b
COSL_B COSL_B SinL_ﬁ SinL_B
2 2 2 2
sina—wcow—sin occosOL—Jrl3 coswcowﬁin oasinOL—JrB
=4ab 2 2|4 4ab 2 2
COSL_[ES SinL_B ‘
2 2
= 4ab taan_[3 +4ab cotaT_B‘

= 4ab|cosec(a—B)|.

Q.40 We have to find locus of centroid of triangle 4
2 2

formed by tangents of the ellipse X—2 +§ =1
a

drawn from any point on the ellipse /é
B

by
NG yz '
— +== =4 and their respective chord of \/
a~ b

contact.
Let any point P on the later ellipse be

(2acos®,2bsin6)
Also let A & B be (acoso, bsino) & (acosB,bsinf)

o+ .o+
cos—— sin——
Now point of intersection of tangentsat A& B is | a 5 b 2_ , hence
cos X P cos 4P
2 2
COSL_'_B SinL_'_B (X—B
2c0s0=——2_ 2sinf=—2 _—sec?E P g (i)
a—f oa—p 2
coOs——— cosT

Now centroid of APAB will be
G[a(coswrcosBJchose) b(sinoc+sin[3+25ine)]|

3 ’ 3



Q.41

Q.42

2a cosa—wcosa—_ﬁwose 2b| sin +Bcosa;+sine
G 2 2 2 2

=

3 3

2acose(2coszaz_ﬁ+1j 2bsine(2c052a2_8+1)
From (i) we get G ,

3 3

= G(acos9,bsin 6)
Clearly G lieson —- y_z =1.

a®> b

cos(X;rB sinOHrB
Poi i i X
oint of intersection of tangents at P(a.) &Q(p) : R|a o b o=
cos oS
2

Equation of PQ : —cos B+ysm B_cosm—_B

a 2 b 2 2
If PQ passes through (ae, 0), then ecos B _ cos a;B
Hence R becomes | —, b—2 .

oa—p
cos——
2

Clearly R lies on the directrics.

. : _a’x by
Normal at any point (x,y,) to the ellipse bx®+a’y* =a’b* is — — — =a’ -

Xy Yi

2 2 2
Now normal at {ae , b—] willbe 2% b_zy = a’-b?
a ae b*

— 2y —ay =a’-b?

e
If it passes through (0, b ), then —ab = a*—b?
= b’—a’=ab

= a’(l-e’)-a*=a’\J1-e* =e*+e’-1=0.

2

b2



Q.43

Q.44

Q.45

Let the common tangent be y = mx + c.
For being a tangent to the ellipse : ¢* =a’m?+ b’

For being a tangent to the circle : ¢* =r*(m? +1)
Hence a’m” +b* =r? (m2 +1)
b2
a2 —r?
Clearly as b < r < a, hence there exists a value of m for every value of r.

=>m=x= =tano

Let E & F be (acosa,bsina) & (acosP,bsinf)

at+tf . o+P

Ccos sm
Coordinatesof A: | a —B 2 o

cos X P cos* P

2 2 5
Also Let P be (h, k) D
As P is midpoint of EF hence
2 2

LA L L S

PUR PO
But by equation of chord joining E & F

eF: Xoos 2P Yin & B:cosOL_B...(ii)
a 2 b 2 2
h? k2
PR h k 2 0
Comparing (i) & (ii) gives B 5 = B
acos P psin TP ges ¢ TP
2 2
h acos&—JrB K bsan“FB
- = 2 =
2 2 _ ' h2 2 —
h7+k7 cos 2P h7+k7 cos 2P
a’ b 2 a® p 2
_ 2n2 | a2)2 212
g ;?k gtan PP o oosz OFP . Eh —
2 a‘b 2 bh 2 b°h° +a°k
:>h:a(:osOL—JchosOL—_B,k=bsmOhLBcos;B
2 2 2 2
o+

Now eq. of AP : aycos 5 ull = bxsin——
Clearly AP, BQ & CR will be concurrent at the origin.

Given parabola is y* =(4acosa)x

Let the feet of normals be P(t,),Q(t,) & R(t,).
As the normals are concurrent at a point (h, bsino) lyingon y=Dbsina,



2acosa—h bsina
Hence t, +t,+t,=0, tt, +tt.+t,t =——— & tt.t, = L
1 2 3 1%2 2-3 3% acoso 1%2*3 a.cos o ()

Now point of intersection of tangents at P & Q : A(acosat,t,,acosa(t, +t,))

and point of intersection of tangents at Q & R : B(acosat,t;,acosa(t, +t;))
Slopes of respective altitudes : —t, & —t;
Hence altitude from A : y—acosa(t, +t,)=—t,(x—acosat,t,)

and altitude from B : y—acoso(t, +t;)=—t,(x—acosat,t,)
Solving together gives the orthocenter as

x=-acoso & y=(t,+t,+t,+1,t,t;)acosa

From (i), Xx=-acosa & y=bsina.

.y

Eliminating o gives required locus as _+F_
a

Q.46 LetP be (acosa,bsina)

xcosa ysina

Now tangent at P =1 and

normal at P a—x—ﬁ_a 2—b? N

cosa  Sina
2 _p2

Coordinates of Q : [a cosa, Oj

2 .

Midpoint of PQ : R[a(e +1)0030c, bsma}
2 2

Further foot of perpendicular on tangent at P
from (—ae, 0) will be given by
x+ae y _ ab(ecosa+1)
bcosa  asino  b?cos?a+a?sin’a
But b”cos’ o.+a”sin® o.=a” (1-e” cos® ), hence

X+ae Yy b
bcosa  asina  a(l-ecosa)

N{a(COSOL—e) bsin o J

(1-ecosa) ' (1-ecosa)

Now prove that F1, N & R are collinear.

Q.47 Any tangent to —+ y 1 with slope m : y = mx ++/a’m? + b?
a’

F_

2 2

X y
Any tangent to +
Y9 a’+k b’+
From the two equations we get

_ . 1, .2 2 2
k_l with slope —E.my+x_\/a +k+(b*+k)m



Q.48

Q.49

Q.50

(x*—a®)m’ —2xym+y® —b* =0 and
(y* —b* —k)m’ +2xym+x* —a* ~k =0

Comparing the two quadratic equations for common values of m gives
x?—a’=—y*+b*+k or x*+y*=a*+b*+k.

LetP & Q be (acosa,bsina) & (—asina,bcosa)

Circles on OP & OQ as diameters will be
x(x—acosa)+y(y—bsina)=0 & x(x+asina)+y(y—bcosa)=0
or X’ +y® =axcosa +bysina & x*+y? =bycoso.—axsino

Square and add to eliminate o and get the required locus as

2

2(x2 +y° )2 =a’x’ +b%y

Given that center is at (1, 2) and focus is at (6, 2), hence major axis is along y = 2 and
minor axis along x = 1.

Also ae = 5.
x—1)° —2)
Equation of ellipse : ( 2) +(yb2 ) =1
a
As it passes through (4, 6) hence
(4-1)" (6-2) 9 16
+ =l>—+———=1
a2 b2 a2 3.2 (1—92)
9, 16 _
a® a’-25

=a*-50a®+225=0=>a*=45 & b*=20.

Let P be (acos6,asin®).
Tangent to the given circle at P : xcos6+ysinf=a
Tangentat A(a,0) : x=a

1—cose)}

: : : a
Point of intersection ofthetwotangents:T(a, ( -
sin

Now B is (—a, 0), hence

equation of BT : y = 1_Cose(x+a) i.e.x—2ycotg+a =0...(0)

2sin 0
sin®
cos0-1

Equation of AP : y = (x—a) ie. x+ytang—a:0...(ii)

2 2

From (i) & (ii), eliminating tan > gives > + ¥ =1,
2 2a° a

Now e_«/2a2—a2 _ 1
2a’ 2




Q.51 Tangentto —+ y 1 at any point P(a) will be

F_

Xcosa ysma

a b
Homogenizing the equation of the auxiliary circle using the equation of tangent gives

. 2
XCOSo SiIno
x2+y2=a2 +y
a b

(b?sin? o) x —(2absin a.cosa) xy + (b —a’sin” o) y* =0

=1.

As this pair of straight lines subtends a right angle at the origin hence
coefficient of x* + coefficient of y> =0
= b?*sin*a+b*-a’sina =0
a?-b> 1

b?  sina
a?-b> 1

a2 1+sin’a
1
JV1+sin?a

2 2

Q.52 Let the ellipse be ;(_2+y_ =1.

bZ

=

=

=e=

As it passes through (— 3, 1) & (2, —2) hence
9 1 4 4
PO

32

=a’= 3 —&b*= 32

5
Required ellipse is 3x* +5y* =32.

Q.53 Let the two points on major axis be P(c, 0) & (-c, 0)
Further let equation of chord passing through (c, 0) be

icos(a—ﬂgj + Xsin(a—wj cos[ _Bj|
a 2 b 2 2

cos( )
EECOS(OH_BJ—FO cos( Bj or ——< _2
a 2 2 (oc— j c
cos

I\J+
=

Taking componendo and dividendo



Q.54

Q.55

Q.56

cos & cosE
2 2 _2xc Or tangtanE:E
_sin%sinP  a-c 2 2 c+a
2 2
- . . Y O c+a
Similarly for the chord passing through (-c, 0) we will get tan 5 tanz = a

Hence tan 2 tanE tan~ tan§ =1.
2 2 2 2

Equation of normal at P(a) : 2axsin o.— 2by coso. = (a* —b?)sin 2a.
Equation of normal at Q(B) : 2axsinB—2bycosp = (a* —b?)sin 28
Equation of normal at R(y) : 2axsiny —2bycosy = (a* —b?)sin 2y
As the normals are concurrent, hence
2asino. —2bcosa (a®—b)sin 20
2asinp —2bcosp (a’—b®)sin2p|=0 or
2asiny —2bcosy (a®—b®)sin2y

sinat cosa  Sin2a
—4ab(a2—b2) sinp cosp sin2B|=0.

siny cosy sin2y

2 2 2
. : . . 2b : :
The circle touching the ellipse X—2+§ =1 at the points (ae,i—} will have its center
a a
on X — axis.
. 2b%) .

Now normals to the ellipse at | ae,=—— | will be
a

,_ 2 e
X—aeazz Za b2 & X—aeazz a2 bz
ae 2b ae _&
a a

2

Solving these gives center of the circle as (ae—ﬁ,oj or (aes,O)
a

4

Further radius = \/(ae3 —ae)2 +:—2 = a(l—ez)\/e2 +1.

xcose+ ysin© _

Let the required tangent be 3

1

] 4 3
Now given —— = ——
cosO sin0



Q.57

Q.58

Q.59

Hence cosE):J_rﬂ & sinG:J_r§
5 5
Required lines are Xx+y=4+5.

Let the point of intersection of tangents be (h, k), then the corresponding chord of contact
ky
F =1 .
Homogenizing equation of ellipse using this equation of chord gives
x> y> (hx ky)
a? b (¥+F)
As this pair of lines subtends a right angle at the origin hence
Coefficient of x? + coefficient of y> =0
h*—a*> k*-b?
= " + o

. hx
will be —+
a

=0

. G 21 1
Hence the required locus is X—4 + y_4 ==+=.
a> b" a° b

2 2

Tangents to X Y _1 with slope — 4 will be
18 32 3

y:—%xi /18x%+32 ie. 4x+3y=48.

Now legs of the triangle OAB will be 2 & g

hence area = 1><2><§:§.
2 3 3

Let P be (acosa,asina) & Q be (bcosa,bsina),

then R will be (acosa,bsina)

Eliminating a between x & y coordinates of R gives R ™0
required locus as Y P

2 2
a~ b 0 v

Clearly locus of R is an ellipse touching the two circles
{Touching inner circle at (O,ia) and outer circle at

(£b,0)}

Also If the foci of this ellipse lie on the inner circle,
then a = be.

2 a’
But e :1—F:>e:

-

a
b



Q.60

Q.61

Q.62

Let P be (h, k)
Distance of P from BC = |K| A(0.)
Equations of AB & AC are

X—-y=—a&Xx+y=a. &
Distances of P from AB & AC (-2,0)B C(a, 0)
' o)
lh—k+a| 2 lh+k-a|
2 2
Further for any point inside the trianglex +y<a &x -y +a>0.
k-a)’ —h?
As given k* = (k-a) -n*

2 2
Hence required locus is x* +3y* +2ay—a* =0 or %+(y+%j = 12";

Clearly the locus is an ellipse passing through B & C and e = \E

Let midpoint of the chord be (h, k), them by T = S; equation of the chord will be

hx ky h® Kk°

2 b a b

As this chord is drawn from (a, -b) and (h, k) lies on x +y = b, hence
_b(b— 2 —h)

ah ~b(b=h) h* (b=h)’

a b? a’ b?

= (a’+b?)h* —(3a’b+ab’ )h +2a’h? =0

For two distinct values of h, discriminant > 0

= (3a+b) >8(a’ +b?)

= (a—7b)(a+b)>0

=a>7b
Let y =mx +c be the common tangent.
Forx—2+y—2=1, c® =16m*+6...(i) I
16 6 ° B
and for y2:4x,c:%...(ii) *
From (i) & (i) we get

i2:16m2 +6 or 16m*+6m?-1=0
m

1
Hence m=+——.
242

Therefor the common tangents are
X+ 2\/§y +8=0.
Now tangent to y® =4x at a point (h, k) will be 2x—ky+2h=0.




Q.63

Q.64

Comparing this with the equations of common tangents gives A & B as

(8,2v2).

2 2

Similarly tangent to :_6+y€ =1 will be 3hx+8ky =48.

Comparing this with the equations of common tangents gives C & D as
=

Hence the quadrilateral ABCD is a trapezium as shown.
AB = 4/2, CD = 32 & distance between AB & CD = 10.

Required area = %x(4\/§+3\/§)xlo =354/2.

Equation of normal at P(0) : & —_b—y =a’e’
cosO sin®

Coordinates of G : (ae2 cos 9,0)

. a’e’ .
Coordinatesof g : | 0,— s sin©
a‘e’
Hence CG? =a’*cos’0 & Cg? :?sinze.
Now a’(CG?)+b*(Cg®)=a‘e’ cos’ 0+a‘e’sin* 0
—a?(CG?)+b?(Cg?)=(a2 ~b?)".
Further CG =ae” cos6=e”(acosf)=e’(CN).

Any point on a line of slope tan 6, passing through S(ae, 0) at a distance r from S will be
(ae+rcos6,rsing).

These coordinates will satisfy equation of the ellipse for two value of |r|
i.e. |ri| =PA &|r2| = PB,

where A & B are points of intersection of this chord with the ellipse.
Substituting these coordinates in the equation of ellipse gives

b?(ae+rcosB)’ +a*(rsinB)’ =a’h? or
(a®sin” 0-+b” cos® 0)r* +(2ab’ecos0)r +a’h’ (e* ~1) =0
Now length of chord will be |r1| + |r2| i.e. |r1 — 12|

Hence length = \/(rl +1, )2 —4nr,




2ab\/b2e2 cos? 9—(92 —1)(a2 sin® 0+b? cos’ 0)
B a’cos’0+b*sin’0
2ab\/b2e2 cos’ 0—a’ (e ~1)(1-e’ cos® 6) 2ab?

a?cos’0+b?sin?0 " a%cos?0+b’sin?0’

Q.65 LetP be (acos6,bsin6), then equation of tangent will be

Q.66

Q.67

Q.68

xcose+ ysino
a b
Coordinates of T : (asec6,0)

Coordinates of N : (acos6,0)

1

Circle on TN as diameter : (x—acos6)(x—asec6)+y* =0
or x*+y*—a(cosO+secO)x+a’*=0

c,+c, a’-
Now g,9, +f.f, =a(cos6+sec6)x0+0x0=0 & i ~0

Clearly the two circles are orthogonal.

Let the tangents from T(x,,y, ) be TP & TQ and normals at these points be NP & NQ, N
being (h, k).

But (x,,y, ) lies on the director circle.

Also the tangents and normals will form a cyclic quadrilateral hence (h, k) will also lie on
the director circle.

Further the director circle will be drawn on TN as diameter as ZTPN = ZTQN =g .

hex, _k+y oo h_k

Hence )
2 X, Y

Let the moving point be (h, k).

The eq. of chord of contact will be 2—)2( +% =1
As it is touching x*+y? =c?, hence its distance from (0, 0) must be c.

1 3 h? kK 1
- W =C Oor ?-FF = C_2

at ot
2 2
Hence the required locus is x_4+y_4 = iz
a~ b" ¢

Let y = mx + ¢ be the common tangent, then
2 2

for = + y_2 =1, ¢ =a’m’ +b? or ¢ —a’m’ =b>...>J)
1 1



2

X
for — +

2

2
for X—2 +

3
Now for (i), (ii) & (iii) to have a simultaneous solution in (c, m)

a; b? 1
a; b
a; b

2
Y _1, ¢ =a,’m*+b,? or ¢®—a,’m* =b,’...(ii) and

2
2
y2
2 2~n2 2 2 21an2 2
—=1,¢c"=a,"m" +b," or ¢ —a,"’m" =b," .. (iii)
3

1/=0.
1

Q.69 Let coordinates of P be (acos6,bsin)

Now equation of normal at P : & __b_y =a’—Db?
cosO sino

The normal meets x — axis at G, hence
a’—b?
a

Also let coordinates of Q be (h, k), then P is midpoint of GQ
a’—b?

Coordinates of G : [ cos0, Oj

cosO0+h
—acosf=—2 > ,bsinezoLzk

2 2
=h :(a +b ]cose,kzzbsine

a
h? k?
Eliminating 0 gives = = +— =
a’ +b? 4b
a
2 2
Hence the required locus is the ellipse =+ y =
a’ +b? 4b
a

a?+b? )
—4p?
[ a j a®-b?

Clearly eccentricity is or )
) Y (a2+b2j2 2+’

a
. . XCcosO ysin®
Now tangent to given ellipse at P : + 0 =1
. XcosO ysin6O
and tangent to the locus at Q : + =1

a’+b? 2b
a




:>sin6:2—b3 cose:M
(b*—a*)y’ (a® -b?)x
2(.2 , h2)?
Eliminating q gives the locus as 4;6 +a (aij ) :(az—bz)z.

Q.70 LetP & Q be (acos,bsin6) & (acos6,asin6)
XC0s0 N ysino

Tangent to the ellipse at P : o 1
Coordinates of T : (asec®,0)
y asin®

Equation of QT : or XcosO+ysinb=a

X—asech acosO—asecO
Clearly QT is tangent to the auxiliary circle.

Q.71 Let coordinates of P be (acos6,bsin®)

bsin®
Slope of PA; —M—
P a(cos6-1)
bsin©®
Sl fPA’: —MM—
ope o a(cos0+1)
Equation of line perpendicular to PA, passing through P :
. a(cos6-1)
—bsind=—""""(x—acos0
y—bsin e (x—acos6)
2 qin2 2 _
Point where it meets x — axis : Q b7sin"6-+a cose(cose 1),0
a(cosf-1)
Equation of line perpendicular to PA’, passing through P :
1
y—bsine:—w(x—acose)
bsin®
2 Atn2 2
Point where it meets x —axis : R b”sin”6+a COSG(COSO+1),
a(cos®+1)
b*sin?©@+a’cos6(cos0+1) b”sin®0+a’cos6(cos6—1)
Now ((QR)= _
a(cos0+1) a(cos6-1)
b?sin”6((cos6—1)—(cos0+1)) 2 b2
=((0OR)= =((0OR)= .
(QR) a(cosze—l) (QR) a

Q.72 Leteccentric angles of L & P be 6 & a.

Now LP is a focal chord, hence tan gtan % = 1re

1-e



2

Comparing (ae, b—] with (acos,bsin6)givescosb=e & sin6 = g
a

0 a(l—e):tang b(1+e)

=tan—= =——-=, hence 4y
2 b 2 a(l-e)
—
2b* (1+e)
2R
.'.PN:|bsinoc|:—a(1_e) . /
b*(1+e)
M+ s s
a’(1-e) P
220 (1-e)'(1+e) | (1-e) (L+e)’
a?(1-e)' +b?(L+e)|  (1-e) +(L+e)’
1-¢)
(¢
1+ 3e?

Q.73 LetP be (acos6,bsin6)
X C0s 0 N ysin© _
b
Length of perpendicular on this tangent from S(ae, 0) will be
ab —abecos6
Jb? cos? 0 +a’sin’ 0

Also ((SP)=a(1-ecos).

b*> b®cos®0+a’sin’0
NOW —2 = 2 2
p a’(1—ecos6)

b*> b*cos’6+a’—a’cos’0

p* a?(1-ecos0)’

1

Tangent to the ellipse at P :

b? a?-a%?cos’0
= 2 = 2 2
p* a’(1-ecos)
b? 1+ecos® 2a
= — = = ’ -1.
p° 1-ecos® ((SP)

Q.74 Let the coordinates of P, P*, Q, Q’ be
(acosa,bsina),(—acoso,—bsina),(acosa,asina) & (—acosa,—asino) respectively.
Now The quadrilateral formed by tangents at these points to the respective curves will be
a parallelogram as tangents at the extremities of diameters are parallel.

xcosa ys:onoc 1. (i)

Equation of tangent at P :



XCcoso  ysina
+
b
Equation of tangent at Q : xcoso+Yysina =a...(iii)
Equation of tangentat Q’ : xcosa+ysina=-a...(iv)

Equation of tangent at P’ : =-1...(i1)

Point of intersection of (i) & (iii) : (L,O]
cosa

b
Point of intersection of(i)&(iv):( a(a+h) ___ b J

(b—a)cosa’ (b-a)sina

Point of intersection of (ii) & (iv) : (—L,Oj
coso

2 0
cosa
2
Required area = |[1 2 0 = 4? b .
cosa (a—b)sinacosa
a(a+b)  2ab
(b—a)cosaa  (b-a)sina
Q.75 Normal at P(0) : \/1_4)(—@:9
cosO sinod

14cos20 5sin20
cos o sin®

9

As this normal passes through Q(26), hence

:>18cosze—9cose—14:0:>cose=—§.

Q.76 Slope of normal at P(0) : —%tan 0
As normal is inclined to x — axis at 45°, hence %tan 0=1
L COSO — L
Ja? +b? ’ Va2 +b?
2

Hence coordinates of P are [

=sinf=

a b? j
Ja2+b? at+b? )

. . . . b? r
Now any point at a distance r on this normal will be [

a’ r
o Ewr 2

Substituting these coordinates in the equation of the ellipse gives



b2 a’ r ’ 2 b? r 2_ 212
NN o JaZibr 2 -

:(az+b2 r’ a’br L 32a*b*
2

=22 .
JaZ+b? (a2+b2)3

Q.77 Chord of contact of the tangents drawn from R(h, k) to the ellipse —+ y =11is
c?

7
hx ky
CZ ? =1.. (I)
y? . XCc0sO ysin© .
Any tangent to +-— =1 will be + =1...(ii)
b a b
2 2 i
comparing (i) & (if) gives h =529 g | 2SO 450y
But the tangents from R are mutually perpendicular,
therefore h® +k* =¢® +d”...(iv)
2102 21,2
From (iii) we get %erd—l: =1
c
Comparing the above relation with that in (iv) gives
a® b’ 1 a? b>  d? a’ b’

—=—=———S—-=——& —=——— 0or —+—=1.
¢t d* cf+d® & cP+d®  d* P+d? ¢ d?
Q.78 Let the tangents be drawn at P(a)) & Q(B),
then equations of the tangents will be
X CoSa N ysina

=1..(

N 5 (i)

g XCOosB ysinB ;4 iy

a b

acos - F P bsm—B

and point of intersection of these tangents will be P(x,y) = 2 2

a+p’ o+

cosT cosT

The tangents will meet the x — axis at [L,O} & [— OJ

cosa cosp
a
Hence as given |———-——=c.
coso.  COSP
asin B gine=B 23ina+Bsina_B‘
2 2 |_¢c_, 2 2 _|_¢
cos(oc+[3)+cos(oc—[3)‘ a COSZOHB_SinzOt—B‘ a
2 2



Q.79

Q.80

cos 2P sin %P
Now for the point P we have — = 2 y_ 2__
& o TP B b cos&—JFB
2 2
_ C b2_ 2
Using sin 2P B ycos ul , We get tana+B|= ( Y )
b 2 |7 2aby
o—PB . o—P
Ccos——— sin——
Also = = 2_Y_ 2 :>—2 y—2—1+tan atp
a atB b a+p "~ a® b 2

COS——— Cos

2 2 c2(b? — V2 2
Hence required locus is X—+y_2 :1+%
a’ b 4a°b’y

- ,x/a2+b2] to the ellipse _+y_2_
a’-b’ a’ b

(xz y? ]( a’ a2+b2_1]:[ 1 Ja? +b?

2
Pair of tangents drawn from [

PO PRI

Let these lines meet the ordinate through (ae, 0) at (ae k) & (ae,k, )
Substitute (ae, k) in the equation of pair of tangents

2
(aze k? j( a’ a2+b2_lj_£ ae +k\/a2+b2_1]

2 b )\ W N
2’ , k2 kz(a2+b2)
=>—-|e"+—-1|l=———~
(az—bz)( b? J b?
a’ a’ +b? a’
= — k? = —a’=k*=a’
[(azbz)b2 b’ J a’ —b?
Hence k, =a & k, =—a=Kk, -k, =2a.

y_
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Avrea of triangle OPS = %xaex bsin®.

The required area = area of sector OAP — area of triangle OPS
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