Ellipse
Exercise — 2(A)

Q1 (O
X2 y2
P
Equation of tangent at the end point of focal chord is x = + %
b2
€= 1 - ?
2
o x=t O
Ja? —b?
Q2 (D)

OB and OC passes from origin then let the equation is y =m,x and y =m,X

Im,h —K|
AB = 2
Ji+m;
Equation of AB = y-k_-
X-h m,

y=mXx

OB =y =m,X

Solving them we get the co — ordinates of B

B h+m,k m,(h+m,k)
1+m, = 1+m?

2

Therefore OB = M
(1+m;)

2

Similarly OC = w
(1+m;)

| m;h—K|

1-m/

AC =

:



Area of quad OCAB =

2

1 {(mlh—k)(mthrk) . (mzh—k)(m2h+k)}

@+m?) 1+m})

2 @+m?)

= Hyperbola
Q3 (B)

P=(acos6, bsin6) & Q=(—asin6, bcos0)

Let the mid- point of PQ is R (h, k), then

h=acosO— asind = D = c0s0-sind
a

2
= — =c0s”0—sin’6—2cosOsinO
a

h2
= 2c0s0sin0 =1- —
a

k=bsin®6+bcos0 = % =sin0+cosO

k2
= 2c0s0sin6=—-1
b

h2 y2
From (1) and (2), - + = =2
a~ b
2 2
Iocusisx—2+y—2:2
a b
Q4 (A

Let the equation of tangent be

e

Q)

X C0S 0O N ysin©o _

Equationof (1)isx=a
0
Therefore y=btan 3

Equationof (2)isx =—a

b

1

e L m/hk + mh? —m k> —kh N m,’hk + m,h? —m,h? —hk
(1+m;)

~(1)



Therefore y=b cosg

0
bcos—
slope of SQ (MSQ) =

—a+ae

btang

slope of SQ (MSP) =
a-+ae

_h?
MSQ x MSP = > = 1= SP1 SQ
a —awe

= circle described on PQ as diameter will pass through the foci.

Q5 (B)

XTGZ + y?z =1

y = mx + c is the equation of tangent substituting the value of y in ellipse.
¢’ =a’m?+b’

=c’=6m°+3

Q6 (D)

ax® +by® +2gx +2fy+¢c =0

2 2 2 2
:a(x2+@+g—2j+b[y2+ﬂ+f—j=—c—f——g—2
a a

\/ a \/b—a
—e=1-2 = |[—2
b b

Q7 (O

Equation of tangent from point (a , B)

Xo yB_l

_2+—_

b2
This touches the circle x* +y?* =c?

Therefore perpendicular distance from center = radius of circle.



2 2 =C
a B

a* b

x> y* 1
T Ty @
Q8 (A

Area of AAPA' = % x 2a x bsin©®

=absin0

Area will be maximum when

sing =1
.. Max. Area = ab.
Q9 (B)

Equation of normal
axsecO—bycosecd = a® —b?
at y = 0 we get co — ordinates of L

(a® —b?*)cos 0

X =
a

2 K2

L E((a b“)cos6 ’ OJ
a
at x = 0 we get co — ordinate of M
__ (a®=b?)sin6
b

ME(O _(az—bz)sine]

’ b

Therefore a’CL? +b?CM?

a’ b?

— (a2 _b2)2

a’(@*-b*cos’0  (a®—-b*)’b*sin’*0
- +

p (acosd. bsind)

>

/;"v{
\4_




Q.10 (C)

2 2
X_ + y_ — l
25 9
Y +Y, =3
Let the two points be (x, , y,) = (acosa,bsina) and Q(X,,Y,) = (acosp , bsinf)

Then mid — point of PQ is R (h, k) such that

aCOSKOL-FBj
heer 2 (1)

COS(“‘BJ ..........
2

asin((ﬁﬁj
ke 2 )

.......... (2)
cos(a_Bj
2

Asy +y,=3
=b(sina +sinp) =3
=sina +sinfp=1 ... (3)

Therefore form (1), (2 ) and ( 3) we get

x>y 1
%590 L(a-p)
cos? (j
2
From (3)




2k 2y
2 2
- locus is — + Y L
9 9
(2y)?

=9x? + 25y* =150y
Q.11 (B)
4tan E-tan ¢ =1
2 2
A(h k)

b

B 3 C(8.0)
(2.0

- s(s=b)  s(s-c)
(s—a)(s—c) (s—a)(s—h)

=s=45-4a

=3s=4a

—3a +3b + 3c =8a

3b+3c=5a

3(\/(x—2)2 1y + (x93 +y2)=5(J(c-2)2 +(a—0)2)

\/(x—2)2 +y° + \/(x—8)2 +y*=10
=(X=2)* +y? =10—/(x—8)* +y?
= 40—3x =5,/(x —8)? +y?

— 2 2
_(x=5) vy

25 16



Q.12 (A)

Locus of point of intersection of tangents is given by

2 2 _
X—2 + y_z = sec’ (G—Bj
a~ b 2

Hence a—p =60

sec?30° =3
2 2
. Locus is X—2 + y_2 = f
a b 3
Q.13 (D)

Let the equation be y = mx +va’m? +b?
m =1 (equal angles)
y =x++/a’+b?

Perpendicular from origin.

~ /a2+b2
2

Q.15 (A)
A(X—1)% +9(y —2)* =36

x-1° (-2 _,
9 4

The circle (x—1)* + (y—2)* =1 is a point circle at center of ellipse.
So the length of common chord is 0.

Q.16 (B)

2ae:8&§:25
e

— 4a% =200 or 2a =102

Q.17 (C)

Let the co — ordinates P be (h, k)



Equation of auxiliary circle is x* +y* =25

Therefore co — ordinates of Q = («/25— k? | k)

Equation of normal from P

25k
y—k—m(x—h) .............. (1)

Equation of normal from Q

Kk
y=—2X ............. (2)
25y

Solving (1) and (2 ) we get
h® + k* = 64
locus is x* +y* =64

Q.18 (C)

From observation only point (% , %) will lieon linex+y—-5=0.

Alternately:

Product of perpendiculars from foci on any tangent is b2.
1—1—5H2—1—5L_
2 | vz

Distance between the foci = 2ae =1

Hence b?> = b?> =10

Now a? =b? +a%? :10+1:4_1
4 4

Also center will be midpoint of foci i.e. (g,—lj

Hence equation of ellipse is

Now find point of contact with x +y = 5.



Q.19 (O

As PQRS is a parallelogram as well as a cyclic /r_/j* —
i e
quadrilateral, hence it must be a rectangle, which y ;’“‘*r “::_
implies x*+y? =25 must be director circle of the /] ;’ s
|lll x/ .-""'---
2 2 | I o
Xy { W
elllpse,E+F =1. | Q{;:ﬁ___ o
16+b? =25 or b*=9 N —

e= f_16_9 7 e
16 4 N ]

Q.20 (D)

2 2

Chord of contact of the tangents drawn from (8, 27) to XT+% =1 will be,

8—X+ﬂ:1 or 2x+3y=1.
4 9
Homogenizing the equation of the ellipse using this gives

2 2

%+%:(2x+3y)2 or 135x? +432xy +320y =0

Angle between this pair of lines will be given by

2
0o 21/216% ~135x320 _ 486 o 0o tan 1486
135+320 455 455
Q.21 (B)
2 2
Let the ellipse be x_2+y_2 =1, then
a~ b

the circle on major axis as diameter will be x? +y2 =32
and

the circle on minor axis as diameter will be x? +y? = b?

Any tangent with slope m to former circle will be

y = mx +ay1l+m? 0ry—mx=ax/1+m2 and

a perpendicular tangent to the later circle will be

y=—£x+b /1+i2 or x+my =bv1+m?
m m

ay —bx
by +ax |
Substituting this value of m in former equation of tangent gives

From the two equations we get m =




x(by +ax)+y(ay —bx) =a\/(by+ax)2 +(ay—bx)2
or x2+y% =a%+b?.

Hence the required locus is the director circle.

Q.22 (A)

For circle on PF as diameter

Center :(acos§+ae , b5|2n 6) & radius =

a—aecos0

For the auxiliary circle
Center : (0,0) & radius=a
Distance between the centers =

acosO+ae )’ (bsin®) 1
(Tj +( > j =§\/azcosze+a2e2+bzsin29+2a2ecose

1
- E\/a2 e?cos®0+a’ +2a%ecos0

a+aecoso . ..
=— = (ifference of radii.

(Note : Circle on any focal radius as diameter touches the auxiliary circle)

Q.23 (A

2 2

Let the midpoint of any chord of %+%zl be (h, k)
2 2
then equation of chord will be hx ky b K {T=S}
10 6 10 6
h*  k?
h _k_ 106
Comparing thiswith2x -y +3=0gives —=—-—=—-——"—-
paring y g 0 6 3
or h= —@, k= S :
23 23
Q.24 (D)
. . . XC0sO ysin®
Any tangent to given ellipse will be + =1.

b
Homogenizing the equation of the auxiliary circle using the equation of tangents gives

. 2
X1 y? :az(xcoseJr ysmej

a b
= (b”sin® 0)x* —(2absin 0cos0) xy +(b* —a’sin® 0)y* =0
Now as the chord cut off by the auxiliary circle from the tangent subtends a right angle at the
origin hence b’sin®0+b*—a’sin>0=0 (coeff. of x?+ coeff. of y? = 0)



b?>  sin?0

a’? 1+sin%0
sin’0 1
=e=,[1- —— = ——.
1+sin“ 0 1+sin“ 0
Q.25 (B)

Let coordinates of P be (3cos6,2sin6), then

PF1 = 3—/5c0s0 & PF2= 3++/5cos0

Hence (PF1 — PF2)? = 20cos” 0

Now tangent at P will be 2xcos6+3ysin6 =6

6 _ 6

Distance of this line from the origin = =
J4cos’0+9sin?0  +/9—-5cos’ 0

But given distance = 3.
6

\J9-5cos? 0
Q.26 (A)

By linearly combining equations of any two curves we can get equation of curve passing through
their points of intersection. Hence required circle can be obtained by

2 2 2 2
XY XY o2 3x°+3y’ =8.
4 2 2 4

= =3=c0s”0 =1. Hence (PF1 — PF2)? = 20.

Q.27 (C)

2 2

Let the midpoint of any chord of X—2+§:1 be (h, k)

2 2

then equation of chord will be ?+%—2—2 +% {T=S}
h> k* k

As this chord passes through (0, b) hence a_2+F_E: 0.

b 2
e 2]

Required locus is +
a 224 bila

Q.28

2 2

Given ellipse is :_6+y7_1 hence tangent at A[ ]5(2\/_ \/_) will be

x+2y:4\/§.

Normal at C( 1 jz( 22,2 \/_) will be



2x+y=—3\/§.

Solving these together we get the point B as {—%%]
2 2
Now solving 2x+y:—3«/§ and =+ 1 gives the point D as —%,—&
16 4 17 17
1 22 2
Area of AABD :E 1 —10\/5 1142 = 1024
2 3 3 51
|42 232
17 17
Q.29 (A
x° X
Tangent to Z+y2 =1 at any point will be Zcos,e+ysine=1
x>y hx k

Chord of contact of tangents drawn to >0 + i 1 from any point P(h, k) will be 2)(()+ . 1

Comparing the two equations gives h =5co0s6,k =5sin0.
Hence P lies on x*+y? =25 i.e. the director circle of the later ellipse.

Angle between the tangents = g

Q.30 (B)

As tangents drawn from P(a, ) are at right angles hence P lies on the director circle i.e.
x?+y? =a®+Db?, hence o® +p> =a’+b*.

Also normals will be mutually perpendicular.

Let the point of intersection of normals be N(h, k).
Now PQNR will be a cyclic quadrilateral with circle
circumscribing it will be having PN as diameter.

As this circle will be touching x*+y? =a”+b?*, hence (h,

k) must lie on the line joining the origin to (a., B).
= Bh=ak
Required locus is px—ay =0.

Q.31 (B)



Let P be (acos6,bsin®).
Also F, & F, are (ae,0) & (—ae,0)
RF, =2ae, PF, =a(1—ecosf) & PF, =a(1+ecos6)

Now in-center will be
‘e a(l+ecos6)xae+a(l-ecosB)x(—ae)+2aexacosO

2a+ 2ae
_a(1+ecos0)x0+a(l-ecos0)xo+2aexhsin®
- 2a -+ 2ae
i 1+e
= X =4aecos0,y= besin or cosf=—,sin0= y( )
l+e ae be
x? Y’ (1+e)2
M ATS =1
Q.32 (A)
_ _ (a*—b*)m
Equation of normal in slope form : y = mx + ——=——.
JaZ +m?b’
2\6

For the given data, normal of slope 1: y=x+

Now coordinates of P : [$¥,OJ and coordinates of Q : Lo,i

Also coordinates of C : (0, 0)
Now area of ACPQ :% :

2./6

3

|

Q.33 (B)
Equation of PQ : X cos LB Yjn &FB _ o @ =P
5 2 4 2 2
2
(X_gj ? x-5/2
Equation of any tangent to N 2) Y g X 2 094 Ysing =1
25/4 16 5/2 4
Comparing the two equations gives
o+p . o+f
0S5 _ 2cos6 SIN—= _sin®
cos @B 1+cos® B 1+cosé
2c0s > P _cos ¢ P 25in 1P
=secH= 2 _gtanf=— 2
o+p o+
Ccos——— cosT

N7,




o— o+ ? o+ ?
2COST—COS ZsinT
= - =1
— 2¢05> %P 2005 X P cos $HP _ogin 2B _ g
2 2 2
= c0s(o.—P)+cos(a+f)=coso+cosP
=> 2C0S 0 COSf3 =Ccosa + Cosf3
= seca+Ssecp=2.
Q34 (C)
Y
2 2 A
From adjoining figure AB =5 gives 25h + 25K _ 25. (0%)s
4 %3
XZ y2
Hence the required locus is E+T:1 Pih. k)
2
Latus rectum = 22 -8 ° A
a 3 (30)
Q35 (A)
. 2(2a)° (2b)’ 22
Given (? :—( 2) ( )2 or (° =_82a b2
(2a)" +(2b) a“+b

But length of diameter joining P(acos6,bsin6) & Q(-acos6,—bsin6)

( =+J4a% cos? 0+ 4b’sin @

2a°b?
a’+b?

2 2
a’+b’ &Sin29:a2+b2
bsin®
acosd

=a’cos’0+b’sin?0 =

= c0s°0 =

Now slope of PQ = 1.

Q.36

Given P(a)&Q(a+Ej .
Now point of intersection of tangents < | -

|at P(a)&Q(ong ;



T . T
cos(owlz] sm(owlzj
R| a b

IS T
COS—— COS——
12 12

Required area = 8x A .5

Q.37 (D)

Let the points be P(6) & Q(e+gj, then equation of PQ will be
5cos(@+£j+zsin(e+zj = cos =

3 6) 2 6 6

X I y . I
= ——C0S| 0+— |[+—=SIn| 0+— |=1
33 ( 6] 3 ( GJ

2

2 2
Hence PQ will touch %+y_ =1.

3
Q.38 (D)

Let the line be y =mx + c.

For being a tangent to the ellipse : ¢ =a’m’ +b’
For being a tangent to the circle : ¢* =r*(m? +1)
Hence a’m? +b? =r*(m? +1)

2 2

> =tano

=M=t
a —r

Now parametric coordinates of a point at a distance p from S(ae, 0) on the line PQ will be
(ae+pcos6,psin6)

Substituting these coordinates in the equation of the circle gives

(ae + pcose)2 +(psin 6)2 =r® or p®+(2aecosB)p+a’e’ —r’ =0

Roots of this equation will be SP and SQ.
As SP & SQ are measured in opposite directions from S, hence
PQ = difference of roots

\/4a2e2 cos? 9—4(a2e2 - r2)
= PQ=

2
= PQ=+/r*—a%?sin’0
2 2 2 2
r-—b . r‘—b
Now tan’6=——— =sin*0=——
a’-r a’e

=PQ=D.



Q.39 (C) gy

As (-4, 0) is one focus of the given ellipse hence
after reflection the line will pass through the other
focus i.e. (4, 0).

(3. 12/5)

Lines joining (4, 0) and (S,i%j are

y:i%(x—4).

Q.40 (A)

Let P be(\/ﬁcose,sine), then A & B will be

(—4*@3"036 ,o) & (0,4sin0) or (43c0s6,0) & (o,gsin ej

Case | :
Slope of AB = — J3sin and slope of tangentat P = — cos_e
cos 0 J3sino
J3sin®  coso 1 V3

=— or sin0== & cosf=—
cosH J3sin0 2 2

Hence P is (Elj
2 2

2
Now tangent to X?+y2 =1 at this pointisx +y =2

Case Il :
sin® cos0
Slope of AB = ————— and slope of tangentat P = —
P 3/3cos0 g g J3sino
=- sinb___ COS_G or sinezﬁ & cosezl
3/3cos®  +/3sin0 2 2
Hence P is [??]

2

Now tangent to X?+y2 =1 at this point is X+ 3y = 2./3.



